






















































































































































































































































































































































































































































































































































































































































St \(st \sz) St rlSz 

14.6 Finite maps 

Axioms 

a· A' b·B· m·A B 
laddm-forml dd. '( ' 'b ·)·A m B Ax a mal-4 ,m. ----t 

l"+ Ll1lCt.:LUIJ UJ I11CUICIW> 

I I 
a:A; bt:B; bz:B; m:A 

addm-overwrite Ax 
addm(a >--> b1,addm(a >--> b,,m)) -· addm(a >--> b1,m) 

a: A; b:B; c:A; d:B; m:A B; a'¢c I addm-comm] Ax 
addm(a ,__, b,addm(c >--> d,m))- addm(c >--> d,addm(a >--> b,m)) 

mo: A -"'-. B; P( { >-->}) 

a: A, b:B, m:A-"'-. B, P(m), a e domm !;;,,,. P(addm(a >--> b,m)) 
Ax 

P(mo) 

I dom-defn-{ }j dom { ,__,} = {} Ax 

a: A; b:B; m:A B 
I dom-defn-addm I Ax 

domaddm(a >--> b, m)- add(a, domm) 

a: A; b:B; m:A B; ali!! domm I mg-defn-addm-<1 Ax 
. . rngaddm(a >--> b,m) =add(b,rngm) 

a: A; b:B; m:A B; s:A-set; a e s I I Ax 
· · >--> b,m) 

a: A; b:B; m:A B; s:A-set; a e s I s addm(a >--> b, m) - addm(a >--> b, s m) Ax 



s: A-set 
14-defn-{~ll 54 {>-+}-{>--+} Ax 

a:A; b:B; m:A ~B; s:A-set; ae s 
14-defn-addm-e I s4addm(a >--+ b,m) =addm(a >--+ b,s4m) Ax 

a: A; b:B; m:A ~B; s:A-set; a e: s 
14-defn-addm-•1 s 4 addm(a >--+ b, m) - s 4 m Ax 

r---:-:---:--71 s: B-set 
~~-defn-{~11 {>-+}~s- {>--+} Ax 

a:A; b:B; m:A ~B; s:B-set; be s 
I ~-defn-addm-e I addm(a >--+ b, m) ~ s - {a H (m ~ s) Ax 

a: A; b:B; m:A ~ B; s:B-set; be s 
I ~-defn-addm-•1 addm(a >--+ b, m) ~ s- addm(a >--+ b,m ~ s) Ax 

s:B-set 
~~-defn-{~}1 {>-+} ~s _ {>-+} Ax 

a: A; b:B; m:A ~ B; s:B-set; be s 
I ~-defn-addm-e I addm(a >-+ b, m) ~ s - addm(a >-+ b, m ~ s) Ax 

a:A; b:B; m:A ~B; s:B-set; be: s 
1~-defn-addm-•1 addm(a >-+ b,m) ~s- {a H (m ~ s) Ax 

a: A; b:B; m:A ~ B I at-defn-addm--1 addm(a ._. b, m)(a) _ b Ax 

r:--;-;-----:-,--Cl a: A; b:B; c:A; m:A ~ B; c-:~-a; c e domm I at-defn-addm-~1 addm(a H b,m)(c)- m(c) Ax 

m1:A ~ B; mz:A ~ B 
r--~--, domm1 = domm2; 'Ia E domm1 • m1(a) = m2(a) I =-map-defn I Ax 
. mt-mz 

m:A~B 
lt-defn-{~)-rightl mt{>-+}-m Ax 

a:A; b:B; mt:A ~B; m2:A ~B 
lt-defn-addml m1 taddm(a>-+b,m,)-addm(aHb,mt tm2) Ax 
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! \ mt:A~B;mz:A~B 
compatible-defn compatible(mJ,mz) ¢:::!> Va e domm1 n dommz · m,(a)- mz(a) Ax 



:JU4 1.<f VJfCt.;(UJJ Ul l11ClJJC1ll,:, 

m:A~B lli:_J:Bilij Ax 
is-1-l(m) <=> Vx,yE domm·m(x) m(y) =*X-Y 

m:A~B 
lo-dcfn-{~ll mo {,_.) _ {>->} Ax 

a: A; b:B; m1:B ~ C; mz:A ~B 
rngmz c dommt; a e dommz; be domm1 I o-dcfn-addm 1---"'"Ti"-7=-:.'-7'=,.::-.:=-;:.;.:.c,=-=-=-;:~=-;- Ax m, o addm(a >-> b,m2)- addm(a,... m1(b),m1 omz) 

lmerge-defn-{~ll merge {}_{>->TAx 

m:A ~B; s:(A ~B)-set 
Vm1,m2 E add(m,s) · compatible(m1,m2 ) I merge-defn-add I ---'=m"'e"'rg-=e-'a"'di.d7'(m"",ccs ):--=m.:..;t'-'<"'m-'-er'"'g""e C::s)="'- Ax 

m:A~B 
I inv-defn I Ax 

m"1
- {m(a),... a I a E domm} 

Vx:A- oP(x) 
x:A, P(x) 1-;f(x):B 

x: A, P(x) 1-; g(x): C 

3s: B-set · Vy: A · P(y) =* f(y) E s 
,.-,-:c-c-c=,-, Va,,az:A · P(a!l AP(az) rJ(a,) ~ f(az) =* g(a,) ~ g(az) 
I map-comp-fonn I {f(x) >-> g(x) 1 x: A· P(x)): 8 ...'??.., C Ax 

Vx:A- oP(x) 
x:A, P(x) l-;f(x):8 

x: A, P(x) 1-; g(x): C 

3s: 8-set · Vy: A · P(y) =* f(y) E s 

- V'-a"-'17-', a~27: A~· Pc-'(c:.a'-', )-'-;A'-'P:-i("'azec) ,"";/;;;( a;.c' )c,~~f'-(T;a;;z),=*-.-'8'--'( a"-''";) 07~~g'C'( a"'z'-) Ax I dom-defn-map-compj dom {f(x),... g(x) I x: A. P(x)}- {f(x) I x: A. P(x)} 

b:8 
Vx:A · oP(x) 

x: A, P(x) I-; f(x): 8 

x: A, P(x) 1-; g(x): C 

3s: 8-set · Vy: A · P(y) =* f(y) E s 
Va,, az: A · P(a,)" P(az) A/(a,) ~ f(az) =* g(a,) ~ g(az) 

~~~~~~-~/IX~~b~ETGdo~mr{f~<x~J .... fct:g~<x~lilx~:A~·P~<~xl~l ____ ___ 1_~1-defn-map-compl {f(x),... g(x) I x:A. P(x))(b) Ax 

tc:C. Vx:A ·P(x) Ab ~J(x) "'* c ~ g(x) 
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s: A-set 
'dx E s · oP(x) 

x:A, x E s, P(x) ~f(x):B 

x:A, X E s, P(x) ~ g(x): C 

3t:B-set ·'dyE S • P(y) => f(y) E I 

.-----~--,_'d~a~~~,a22~E~~s~·Pj(~at~)~A~P~(a~2~)~A~/~(a~t)~=~f~(~a2~)_=>~g~~~~~)_=2g~(a~2)~ I map-comp-defn-set I {f(x) ,__, g(x) I X E s. P(x)} Ax 

{f(x) ,__, g(x) I x:A ·XEs AP(x)) 

Definitions 

m del m . I I( ) A <---->B = <m:A ~sIts-- m :b 

del 
{f(x) ,__, g(x) I xEs} = {f(x) ,__, g(x) I xEs · true} 

{f(x) e-. g(x) 1 x: A) del {f(x) e-. g(x) I x: A · true} 

Derived Rules 

m:A~B 
I{~ }-dom-disjointl dom {""'} 0 domm _ {} 

w=11 m:A ~B 
L::.:.':2J O(m = { H}) 

I 1-'a,ct,.:: Ac.:;_ac;2c.:: A-";'-b-:;-::;-B-'-;; _m_: A,___,~,m----c>B:-3-e -dom-addm-1 -
O(aJ E domaddm(a2 H b, m)) 

a:A; m:A ~8 I o-e -dom-Il-'-'<ic--:-c--,-­li(a E domm) 



jUO 

b:B; m:A~B 
lo-e-mg-11 8(bErngm) 

I . I m1:A .!'C.. B; m2:A .!'C.. B 
8-compauble {j( "bl ( )) compau e m1. mz 

m:A~B 
lo-is-1-11 8(is-l-l(m)) 

14 U1reccory or 1 neorems 

a:A; b:A; m:A ~B 
IJ-is-1 · 1-prcd 1-o"'("(a-E-----cd:-om=m'"'r--'bi-E '-d;-"o-'-m-m-c)-A-m'("ac)'""--m"(b") )'"" 

r::tr:::::1 m: A ~ B; s: A-set 
~ s4m:A~B 

m:A~B 
I ~-dcfn-{} I {} ~ m- m 

a:A; m:A ~B; alit domm 
~~-dcfn-{a}·•l {aHm m 

a: A; b:B; m:A ~ B 
~~-defn-addm-{aJ-=1 {a) ~addm(a >--+ b,m) {a) ~m 

1 {} I a1:A; az:A; b:B; m:A ~B; a1 -:F-az 
Hefn-addm- a ·• {a!) ~ addm(a2 >--+ b, m) - addm(a, >--+ b, {a!} ~ m) 

m:A ~ B; s:A-set 
1~-forml s~m:A ~B 

1 E -dom-addm-E 1-'a::ci.:.:' AC:;'-=a'o:.':.:A,_; .::b.:.:: B:c;,_m=: A"--::-->_m:-=Bc:;...:a:oi,cEC.::::do:_:m:::a::d::d::m::C::ca2,_>--+c..:__b:c,:::m.:.:)...: 
a1 - az v Gt e domm 

a1:A; az:A; b:B; m:A ~B 

r::-:;:c ,a.:.oi_:E=-:.do.:.:m=ad::.:d::.:m2 (c::a2,__>--+i-b ''-m"')"-; ...:a:=.' ..:"_:d.:.:o:cm...:m:.:_ 
1 E-<kcm-addm-E-•1- al-az va1 e dommAaz:Pa, 

a:A; b:B; m:A ~B 
IE -dom-addm-1-clem l-..,-;---;,,-,--,--,­

a E domaddm(a >--+ b, m) 



14.0 Nmte maps 

a: A; P(a) 
\fx:A · oP(x) 

x:A, P(x) i;f(x):B 

x:A, P(x) I; g(x): C 

I e -dom-map-comp-l{(a) I 

3s:B-set · \fy:A · P(y) => f(y) E s 
\fa1, a2 : A· P(a1) "P(az) Aj(ai) f(az) => g(a1) 

f(a) E dom {f(x) >--> g(x) I x: A · P(x)} 

.-------cc-:---,---, a: A; b: B; m: A _!'_, B 
I e -mg-addm-1-elem I b E rng m t {a ,__, b} 

a: A~ b:B~ m:A ~ B 
je-mg-t-{a~ b}-1-elcml b dd ( b ) e rnga ma~---+ ,m 

I 1
-'a":'-'A"-; _:b_c1 :c::B:.c;_cb:=zi: 8::2;'=-m':":': A:'-:-:--->,-:mec=iB"-; .:::b:_z iE'=-r-'n'Cg m=; _:a:_:<!:__.-:d::om=m:_ e -mg-addm-1-map ----

bz e rng addm(a >--> b1, m) 

b:B; m:A ~ B; be rngm 
le-mg-EI 3ae domm·m(a)-b 

b:B; m:A _!'_,B; 3ae domm·b=m(a) 
je-rng-l-3 1 bE rngm 

,--c-.,-;,-, a:A; m:A ~B; ae domm 
I e -rng-1-aij m(a) E rng m 

a: A; m:A ~ B; a e domm 
j e-rng-1-ai-bimapl m(a) E rngm 

a: A 
1~-e-dom-{~}-Ij •(aE dom{>->}) 

je-dom-~-1-(aJI a~ ~o,;({aHm) 

I I a1:A; az:A; b:B; m:A _!'_, B; a1 e domaddm(a2 >--> b,m) < -dom-addm-E a1 ¢a2 A a, e domm 

g(az) 

I 1-
a_,I-": A"';'--a--'z"-: -'A'-; -'-b_: B--';_m_: A_--->_m-:-:Bic; _,.a.,__I __ e_d_o_m_a_d_d_m-'(a_,z'->->-b--',_m-'---) < -dom-addm-E-left a1 e domm 

I I a1:A; az:A; b:B; m:A _!'_,B; a1 e domaddm(a2 >->b,m) 
< -dom-addm-E-righi . · a, ;ea2 
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b:B; m:A ~ B; be rngm 
~Jlii'll b e dom (m ) 

a: A; bt:B; b2:B; m:A ~ B 

J• -mg-addm-E-lcft J 
b, 'i rng addm(a >--> b,, m); a 'i domm 

I I a: A; bt: B; b,: B; m: A ---"C, B; bt 'i rng addm(a >--> b2, m) 
• -mg-addm-E-right b, ¢ bt 

I . I .a::.::.:.:A::.; :.:.m:c.:.:.:A:__m_:;.B'-; 3a,::'i:....::.do::.:m::..m:.:.::.. 
. lif-mg-mv-I.- a e rng (m ) 

J t-defn-{ ~ }-leftj 
m:A~B 

{>->}tm-m 

mt:A~B;mz:A~B 

mt tm2:A ~B 

~ m: A ---"C, B 
t m m-m 

I { } I .b.:_::_: B:..;_; :.:em.:::.: A'--__,--.-m __:B:_:_; ..:C.m'-'-~--"{ b'-'}-'-¢_,_{ >-->--'-} 
~- a -not-cmpty-E ~ 

bE rngm 

I {} lb:B;m:A---"C,B;b<!rngm 
~-dcfn- a -• mHb) _ {>-->} 

m:A ~B; s:B-set 
1~-fonnj m~s:A ---"C,B 

m:A ~ B; s:B-set 
m~s:A ~B 



mt:A ~B; mz:A ~B 
I <;;-dom-t-rl domm, (;;dam (mt t mz) 

m:A~B I <>-dcfn-{ ~}-left I { >->} "'m _ m 

J ! a:A; b:B; m1:A ~B; mz:A ~B; ae domm2 
addm-t-dcfn-e addm(a >-> b,m,) t mz- mt t m, 

lad j a:A; b:B; m1:A ~B; m2:A ~B; a~ domm2 
addm-t-defn-< addm(a >-> b,m1) t mz addm(a >-> b,m, t mz) 

a:A; b:B; m1:A ~B; mz:A ~B 
compatible(addm(a >-> b,m,),mz) I addm-t -defn-compatible 1-a:cd;:d;c-m:-;-(a::c->->-7:b,-:m::-,')"t"'m-:-,-_-a"'cd:;cd"m""(c'a->->-"--i:b:-, (f'm':.t"t"mc:z')') 

a: A; b:B; m:A .."'.., B; a E domm; m(a) = b 
I addm-t-identJ addm(a >-> b,m) _ m 

a:A; b:B; m:A ~B 
laddm-. tJ m t {a>-> b)- addm(a >-> b,m) 

a:A; b:B; m:A ~B I addm-defn+{a }-= 1-a---d"dm=(a:->->-"-obc', m-';-') --"-=a-;dd7 m-,("'a->->--;:b-, {"aT)-;~ccm") 

a:A; m:A ~B; ae domm 
I addm-extract J dd ( ( ) { } ~ ) m-a maJ--~.ma, a m 

I . I a: A; b:B; m:A ,.".'..., B; a fl' domm; b !I' rngm 
addm-fonn-btmap dd ( b )·A m B a ma~--~- ,m. +-----!-

r--;-;:--:--c---c-c--c a:A; b:B; m:A -"'.,s 
lat-defn-t-{a ~b)-= I (m t {a>-> b })(a)_ b 

309 



.HV l"t U11CL..lU1y Vl llJC:U1CJ1l;"> 

I I a: A; b:B; m,:A ~ B; mz:A ~ B 
at-dcfn-t-addm- (mt t addm(a .__, b,mz))(a)- b 

I j a:A;m1:A~B;mz:A~B;aedomm2 
at-dcfn-t-right (m, t mz)(a) _ mz(a) 

I at-dcfn-map-compj(a) I 

a:A; P(a) 
\fx:A ·I!P(x) 

x:A, P(x) f-;f(x):B 

x: A, P(x) f; g(x): C 

3s: B-set · \fy: A · P(y) ==> f(y) E s 
\fa,, a2:A · P(at) "P(az) A[(at) = f(az) ==> g(at) = g(az) 

{f(x) >--> g(x) I x:A · P(x))(f(a)) g(a) 

a: A; s:A-set; a e s 
x:A, XES f-;f(x):B 

I at-dcfn-map-comp-lcft-set 1-{r:x:-.__,----c/"'(x")"lc:x:-:E::-'-:cs }"("'a') --'IT( a") 

a:A; m:A ~B; ae domm 
lat-Wrml~~~~--~~~~~ 

m(a):B 

a:A; m:A ~B; ae domm I at-fonn-bimap I m(a):B 

c-c--= m:A ~ B I bimap-E I is-1-1 (m) 

mo:A .."'-. B; P( {>--> }) 

a: A, b:B, m:A .."'-. B, I P(addm(a >--> b,m)) 

I I 
P(m), a~ domm, b ~ rngm G:'b.m 

bimap-indn ----='"-':...c:..c:..:.....;c.c...cc.cc-.P,c(m"-'-,o):-=-=------



r,;=:-c----:,---:-" m: A <-"'-+ B 
] bimap-supertype I m: A ~ B 

. . a:A; m:A ~B; ae domm I btmap-umquc-rng-elem I 31 b: B. b _ m(a) 

I compatible-t-I-Ieft I 
mt:A ~B; mz:A ~B; m3:A ~B 
compatible(m,, m3 ); compatible(m2, m3) 

] compatible-t -!-right\ 

m1:A ~B; mz:A ~B; m3:A ~B 
compatible(m" mz); compatible(m,, m,) 

compatible(m,, mz t m3) 

a: A; b:B; m1:A ~ B; m2:A ~ B 

I compatible-addm-E-left-•1 
a~ domm,; compatible(addm(a H b,m,),m2 ) 

compatible(m 1, m2) 

a:A; b:B; mt:A ~B; mz:A ~B 

I compatible-addm-E-right I a E domm,; compatible(addm(a H b,m1),m2) 

I compatiblc-comm I mt:A ~ B; mz:A ~ B; compatible(m,,mz) 
compatible(m2, m1) 

\ compatible-defn-{~-+ }-left\ 
m:A~B 

compatible({>-> ),m) 

m:A~B 
1 compatible-defn-{~ )-right! 'bl ( { } ) compall e m, 1---). 

mt:A ~ B; mz:A ~ B; compatible(mt,mz) I compatible-E I \;/a E domm, n domm, · mt (a) m,(a) 

I compatible-! I 
mt:A ~B; m2 :A ~B 

\;fa E domm1 n domm2 • m1(a) = m2(a) 
compatible(m1, m2 ) 

m:A ~ B; s:A-set 
I dom-~-defn I dom (s ~ m)- domm \ s 

m:A .."C.,B; domm;C{j 

m;O{>->) 
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I dom-addm-n-E-left I 
a:A; b:B; m1:A ~B; mz:A ~B 
domaddm(a >-> b,m1)ndomm1 = {} 

domm, n domm1 - {} 

14 urreccory or 1neorems 

a: A~ b:B; mt:A ~ B; mz:A ~ B 
~--~--~~-=do=m=a=d=d~m~(=a~~~·~b~,m~1 )=n==do=m=m~1_=~{~)~ I dom-addm-n-E-<ightl . . a e dommz 

m1:A ~B; mz:A ~B 
ldom-dcfn-tl dom(m, t m2) domm, udomm2 

I I a:A; b:B; m:A _!"_,B; aE domm 
dom-defn-addm-e domaddm(a ........ b,m) domm 

m:A~B 
I dom-defn-inv I dom(m-1) _ rng m 

s:A-set 
x:A, XE sr,f(x):B 

I dom-dcfn-map-comp-left-sctl-dc-o-m-{'x->->--/"'(x-c)cel'-'x-E--S') ---s 

\fx:A · oP(x) 
x: A, P(x) r, /(x): B 

x: A, P(x) r, g(x): C 

3s:B-set · \fy:A · P(y) => f(y) E s 

! dom-finile=>rng-finite I 
\fa,,a2: A· P(a,) "P(a1) ;..f(at) = f(a1) => g(at) = g(az) 

3t: C-set · \fa: A · P(a) => g(a) E t 

m:A~B 
I dom-fonn I dom m: A -set 

~~c--c-c---. m: A ~ B I dom-fonn-bimap I d A 1 . . omm: -se 

m:A~B 
jinv-forml mi:B~A 

I is-1-1-t·{a ~ b}-E-• -mgl 

a: A; b: B; m: A _!"_, B 
is-1-l(m t {a>-> b)); a e domm 

be rngm 

I is-1-1-addm-E-<-mapl 

a:A; b:B; m:A ~B 
is-1-l(addm(a >-> b,m)); a e domm 

is-1-1 (m) 



l<f.O rmue maps 

a: A; b: B; m: A -"0., B 
is-1-1(addm(a <--> b,m)); a~ domm 

I is-1-1-addm-E-< -rng 1--~----'-;:---:;-~-:c':'-'------
- . b \?: rngm 

m: A -"0., B; is-1-!(m) I is-1-1-E I ...,-,----"='----''-i-c=--:'--T'C"--­
='-'-'"-' 'tx,y e domm · m(x)- m(y) => x- y 

m:A~B 
'tx,y e domm · m(x) = m(y) => x = y 

is-1-1(m) 

s:A~B 
I map-1-extend-dom-left I s: (C I A) -"0., B 

s:A~B I map-1-extend-dom-rightl s: (A I C) -"0., B 

s:A~B I map-1-extend-rng-left I s: A -"0., (C I B) 

s:A~B I map-1-extend-rng-right I s: A -"0., (B I C) 

I map-comp-fonn-left I 

'tx:A · oP(x) 
x: A, P(x) l;j(x): B 

3s:A-set· 'ty:A·P(y) =>yes 
{x<-->f(x)lx:A ·P(x)):A -"'.,s 

s: A-set 
x:A, XES "'f(x):B I map-eomp-fonn-left-set 1-{~x-,__,-/""(x-c)-cl-x_e-..:::s )~:'-,A-___,'m;;--B~ 

s:A-set 
x:A "'f(x):B 

x: A, x e s "' g(x): C 

,----:;---cc--, 'ta~oa2 e s -f(a,) = f(a,) => g(a,) = g(a,) 
I map-comp-form-set-ident I m · · {f(x) <--> g(x) I x e s ): B ---> C 

I map-eomp-left-defn-add I 
a: A; s:A-set; f(a):B 
x:A, XEs "'f(x):B 

{x <--> f(x) I x e add(a,s)) 
{x <--> f(x) I x e s} t {a ,__, f(a)} 

s: (A ~ B)-set 

I mO'go-form I V'm,,m2 E s · compatible(mi>m2) 
merges:A ~B 
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m:A~B 
lmg-dcfnl rngm- {m(a)lae domm} 

14 V1rectory ot ·1 heorems 

a:A; b:B; m:A ~B 
I mg-dcfn-addll1J rngaddm(a >-> b,m) - add(b, rng ({a H m)) 

a:A; b:B; m:A ~B; ae domm I mg-dcfn-addm-E I { } rng addm(a >-> b, m) - add(b, rng ( a ~ m)) 

,--.,..,.-,-, m: A ~ B 
lmg-dcfn-invl ( •1) d . . rng m - omm 

\ix:A · oP(x) 
x: A, P(x) 1-;/(x): B 

x: A, P(x) I; g(x): C 

3s:B-set · \iy:A · P(y) ==> f(y) E s 

I rng-dcfn-map-comp I 
\ia1,a2: A· P(a1) "P(a2) Aj(ad = f(a,) ==> g(a,) = g(a,) 

rng {f(x) >-> g(x) I x: A · P(x)} {g(x) I x: A · P(x)} 

m:A~B 
I mg-form I rngm: B-set 

m:A~B I mg-fonn-bimap I rng m: B-set 

14.7 Finite sequences 

Axioms 

a:A; s:A* 
Icons-form-seq+! cons(a,s):A+ Ax 

s:A•; P([]) 

~~~-~h~:A~-~~~,A~·~·~P~<,~la~f.,~P~~~o~ns~<h~.~~l~l ~cq-indn I P(s) Ax 

a:A; s:A* 
,l.h~d-~de~fu~-~co~ns~l Ax - hdcons(a,s)-a 

a:A; s:A* I tl-defn-cons I Ax 
tlcons(a,s)- s 
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s· A* 
~~-dcfn-[]-lcftl () -S-S Ax 

s:A+ I appl-defn-hd I s( 1) _ hd s Ax 

s:A+; i:N,; i'# 1; iS lens 
l•ppl-dcfn-tll s(i)- (tls)(i I) Ax 

Definitions 

A• def <t:s:A'Is¢[] ~ 

[a] def cons( a,[]) 

lens def if s = [] then 0 else succ(len (II s)) 

elemss def ifs=[] then{} elseadd(hds,elems(tls)) 

cones def ifs=[] then[] else(hds)~conc(tls) 

indss def {!, ... ,lens} 

Derived rules 

s:A' 
IHHI o(s- []) 

I ·scq+-defn I St 

1 I a: A; b:A; s:A*; a e elemscons(b,s) 
E ·elemS·COflS·E · · a-bvae elemss 

r-c--:--= s:A+; n:N1; n e indss 
le-inds-EI n:5lens 
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a: A I• -clems-[ l-11 a .,; elems [] 

a: A I• -inds-[ l-11 a .,; inds [] 

s·A• I ~-defn-[ ]-right I s [] = s 

a: A 
ll•l-*·lJI [a]#[] 

a: A 
lla]-forml [a]:A' 

s:A+; i:l\h; i <tens I appl-form I s(i): A 

I conc-dcfn-[ ll cone [ ] = [ ] 

s:A** 
~;;;;-] -- concs:A* 

a:A; s:A* 
I conH·lJI cons( a, s) ;0[] 

a:A; s:A* I cons -> ~ 1-.-,.;;.=~~---c­
[a] ~ s -cons( a, s) 

a:A; s:A* I cons-form I--'=;..::.=~ 
cons(a,s):A' 

s:A+ 
Jcons-!1----~~~-­

cons(hds, tis)= s 

eemss {s(i) I i E indss} 

14 Urrectory ot "1 heorems 



14.1 .Finite sequences 

I elems-defn-[J) elems [] _ { } 

I elems-defn-... -cons I 
elems (cons(a,s1) ~ s2)- add( a, elems (s1 ~ s2)) 

a:A; s:A* 
I elems-defn-cons \---,---o=.:;c--.:.:c~,--,---,-­

elems cons( a, s) -add( a, elemss) 

a:A; s:A* 
I elems-defn-cons-{ a} l-:o==-:c=-,::--:i---,-:;--:-:-==-=­

elemscons(a,s)- {a) uelemss 

s:A* 
I elems-form 1--c=:-:-.-:-c:­elemss:A-set 

s:A+ 
I elems-form-seq+ I elems s: A-set 

a: A I hd-defn-[a] I hd [a] =a 

s:A+ 
[llfifillj hd s: A 

I inds-defn-[ J I inds [ ] {} 

. s:A• 
\ mds-form \ inds s: N1-set 

llen-defn-[]) len [] _ 0 

S ·A'· s ·A' I -1 I· , 2· len-defn-
len (s1 s2) - len s1 +len s2 

a: A 
lien-defn-[a] I len [a] _ 1 

a:A; s:A* 
[ien:defn-cons )-c----'="-c'=--,-­

len cons( a, s) = succ lens 

s:A+ 
lren-defn-scq+ I lens - succ fen tJ s 
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s:A* 
llcn~form I lens: N 

s:A'; S;t[] 
jseq+~tl s:A+ 

s:A+ 

I scq+-indn I 

h:A, t:A' ~.< P(cons(h,t)) 

P(s) 

s:A+ 
a: A~ P([a]) 

h:A, t:A•, P(t) ~-' P(cons(h,t)) 

P(s) 

s·A+ 
I scq+-supcrtypc I s; A. 

s:A'; P([]) 
a: A~ P([a]) 

I scq---indn I 
s1:A', s2 :A', P(st), P(sz) 1:;,,., P(s,- sz) 

P(s) 

s:A"' 
I scq-1-extend-right I s: A I 8 • 

s:A"' 
I scq-1-extend-lcft I s: B I A • 

s:A"' 
!scq-sep! s _ [] v 3h:A · 3t:A' · s- cons(h,t) 

a· A 
lu-dcfn-[aJI tl[al [] 

14 Directory of Theorems 



14, 0 .vumeans 

14.8 Booleans 

Axioms 

a<=>b 
l<o>-->=1 a b Ax 

Derived rules 

y:A ~P(y):~ 
111-fonnl (\lx:A·P(x)):lll 

s:A-set 
y:A, yEs~ P(y):UI 

111-fonn-se<l (\lx E s. P(x)): Ill 

a: ill I a-evatl 
a true v a false 

a:lll; a=b 1=->">l a<=>b 

a:A; b:A 
1=-fonnl (a b):~ 

Y·A r P(y):lll . ' l3-fonn l '<"'f:Jx;::-: A-.t:'i. PDr(xXl))l:': ~01-

s:A-set 
y:A, yEs~ P(y):lll 

f'l3;-;-!:;::or:;::m:;;-se;;;ltl (3x E s · P(x)): Ill 

Y. A 1- P(y): ~ . ' l3!-fonnl (3!x:A·P(x)):lll 
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s:A-set 

13!-fonn-sctl 
y: A, Y E s ~ P(y): 8 

(3!XE S·P(x)): 8 

I ¢>-fonn I e1: nl; ez: 8 
(e1 <=> ez): 8 

I ¢>-subs-!crd a <=> b; P(b) 
P(a) 

J ¢>-subs-righiJ a <=> b; P(a) 
P(b) 

1=>-formJ e1:UI; e2:8 
(ei => e,):8 

! e -fonn 1 a: A; s: A-set 
(a E s):8 

1~-fonnJ a:A; b:A 
(a;<b):8 

I e-form! a: A; s:A-set 
(a e s):8 

14 Vlrecrory or l neorems 



I fal•e-fonn \ false: Ill 

\," ·c::"•::_·"'fo:::_rm::.JI--
111
-- true: 

14.9 Specifications 

For each construct definitions and rules are given in terms of a typical example. 

14.9.1 Simple type definitions 

T = Texp 
inv e 6 P(e) 

Definitions 

inv-T(e) de! P(e) 

T de! « e: Texp I inv-T(e) > 

Derived rules 

I T-fonn I e: Texp; inv-T(e) 
e:T 

e:T I T-s"pertype 1---:e~: T.;;:ex=p:--

e:T I T-E \--,.,.-:-:-;;""" mv-T(e) 

Obligation 

e:Texp I inv-T-fonn \-c-'-'-"~'-=­inv-T(e): Ill 

Validation 

I T-inhab 1-,---,-,_==o:-­inhabited(T) 

14.9.2 Composite type definitions 

T ::a: A 
b:B 

inv mk-T(a, b) 6 P(a, b) 
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Definition 

inv-T(a, b) det P(a, b) 

Axioms 

I I 
x:A; y:B; inv-T(x,y) 

mk-T-form mk-T(x,y): T Ax 

t:T 
) a-fonn 1--A- Ax t.a: 

t:T 
!b-fonnl-b·B Ax t. . 

I a-dcfnl mk-T(x,y): T Ax 
mk-T(x,y).a- x 

mk-T(x,y): T 
I b-dcfn I mk-T(x,y).b _ y Ax 

t:T I mk-T-dcfn I k T( b) Ax m- t.a,t. -t 

I inv-T-l I mk-T(x,y): T Ax 
inv-T(x,y) 

Obligation 

x:A; y:B 
,l,in~v~-T~-~fu~m~l~~~~. - inv-T(x,y): 01 

Validation 

I T-inhab I ~.----.--c-=• inhabited(T) 

14.9.3 The state 

stateS ot 
a:A 
b:B 

inv mk-S(a, b) 6 P(a, b) 

init mk-S(a, b) 6 Q(a, b) 
end 

14 vrrec;wry VI 1 neurerns 

The same definitions and rules that appear for composite types apply to the state and the 
invariant, together with a definition and obligations for the initialisation condition. 
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Definition 

def init-S(s) = Q(s.a,s.b) 

(Note that unlike inv-S which is defined on the components of the state, init-S is treated 
as a predicate in the whole state typeS.) 

Obligations 

s:S I init-S-forrn I ""7"-,-::;.;:.,"""­
init-S(s): IB 

I init-S-sat I 
3s: S · init-S(s) 

14.9.4 Functions 

Explicit function definitions 

f:AxB-->C 
f(a,b) !f_ E(a,b) 

pre P(a,b) 

Definition 

prej(a,b) def P(a, b) 

Obligation 

a:A; b:B 
1"-p--'-re-:_f-_fo_rm_jl pre-f(a, b): IB 

If a parameter off is not mentioned in the precondition expression, the definition takes 
fewer parameters. 

Axiom 

= a:A; b:B; E(a,b):C; pre-f(a,b) 
~ f(a,b) =E(a,b) Ax 

If a parameter is not mentioned, it is still necessary to keep the typing hypothesis for that 
argument. 
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Obligation 

r7:::ITl a: A; b: B; pre-f(a, b) 
l'.:.:~ E(a, b): C 

Working rule (for use once the obligation has been discharged) 

~ a: A; b:B; pre-f(a,b) = f(a,b)-E(a,b) 

Implicit function definitions 

f (a:A,b:B) c:C 
pre Pr(a, b) 
post Po(a,b,c) 

Definitions 

pre-f(a,b) def Pr(a,b) 

def post-f(a,b,c) = Po(a,b,c) 

If a parameter is not mentioned, the definitions take fewer parameters. 

Axioms 

ru;:;;;;:-J a: A; b:B; pre-f(a,b); 3c:C · post-f(a,b,c) 
~?..1 Ax f(a,b): C 

~ a:A; b:B; pre-f(a,b); 3c:C.post-f(a,b,c) 
o Ax post-f(a, b,f(a, b)) 

Obligations 

a:A; b:B 
!"-P_'e::.-·f-_fo_rm_,! pre-f(a, b): 'IJ 

I 1-a_: A-';--cb-:c: Bc:-:;"'c"': C:--;;C-'p"'r"'e-f (a, b) 
Post-{~form post-f(a, b, c): 'IJ 

~ -'a.,: A~; i'-b:-'B-'-; _,p,re7'-f'-'(i'-a,'-'bc'-) 
t:.::=.l 3c: C · post-f(a, b, c) 

Working rules (for use once the proof obligations have been discharged) 

17= a: A; b:B; pre-f(a,b) 
~ f(a,b):C 



~ a:A; b:B; pre-f(a,b) 
n 

post-f(a, b,f(a, b)) 

14.9.5 Value expressions 

v:T 6 E 

Axiom 

E:T 
Jv·defnol v = E Ax 

Obligation 

r=_ 
~E:T 

Working rule (for use once the proof obligation has been discharged) 

14.9.6 Operations 

The definitions and obligation for operations are given for the following state model and 
implicit operation: 

state l: of 
r : R 
w:W 
u: u 

inv mk-L(r, w, u) !::. 

init mk-l:(r, w, u) 6 

end 

Definitions 

Op( . ) def p (' ) pre- L,r,w = rL,r,w 

OP (i:/) o:O 
extrdr:R 

wrw: W 
prePr(i,r,w) 

post Po(i, o, r, W, w) 

~ del (' ~ ) post-OP(i, o, r, w, w) = Po z, o, r, w, w 

Obligation 

jOP·sat[ i:/; mk-l:(r, w, u):l:; pre-OP(i, r, w) 
3o: O,mk-l:(r, w, u): :!:· 

post-OP(i, o, r, W, w) A r = 7 A u = U 



14.10 Reifications 

Rules are given in terms of a typical example: 

state Sa of 

Ya : Ra 
Wa: Wa 
Ua : Ua 

Abstract state 

inv mk-Sa(ra, Wa, Ua) ~ inva(ra, Wa, Ua) 

init mk-Sa(ra, Wa, Ua) ~ inita(ra, Wa, Ua) 

end 

stateS, of 
r, : Rc 
We : W, 
u, : U, 

Concrete state 

inv mk-S,(r,, w,, uc)!;:.. inv,(r,, w,, u,) 

init mk-S,(r,, w,, u,) ~ init,(r,, w,, u,) 
end 

Although the two states have corresponding components, this does not imply that retrieval 
is component-wise. 

14.10.1 Retrieve functions 

Retrieval is defined between the whole states S, and Sa. 

retr-S : S, ~Sa 
retr-S(s,: S,) ~ body-expression 

Definitions. axioms and obligations for explicit functions apply (Section 14.9.4). Totality 
is formalised by the lack of a precondition. 

Obligations 

I I Sa:Sa 
"''·S-adeq 3s,: S, · retr-S(s,)- s, 

Sa: Sa; S,: S, 
Sa = retr-S(s,) 

init-S,(s,) 
I init-adeq 1-C:in.:;i:-t_'i-s,'i(C:s,")-

14.10.2 Operation modelling 

Abstract operation 

OP, (a: A) t: T 
ext rd fa : Ra 

wrwa : Wa 
pre Pa(a, ra, Wa) 

post Qa(a, t, fa, }Va, Wa) 

Concrete operation 

OP, (a: A) t: T 
ext rdr, : R, 

wrw, : W, 
pre P ,(a, r,, w,) 

post Q,(a, t, r,, W;;, w,) 

Operations have corresponding names and the same argument and result types. 



Obligations 

a: A; s,: S,; Sa: Sa 
Sa = retr-S(s,) 

"I o""'Po:--d-.--o-=m---occb""II pre-OP' (a, s, .r, s,. w,) 
pre-OP ,(a, s,.r,, s,.w,) 

a:A; t:T 
Sa: Sa; s,: S,; Sa = retr-S(s,) 

Sa: Sa; S,;"": S,; Sa = retr-S(S";) 
pre-OPa(a, "S;;.ra. S;;"".wa) 

post-OP,(a,t,s,.r,, 's; .we, s,.w,) 

A~~-~~A~~-~~ I OP-res-obJI----',:-::=~="+c.:.:__:="-----"-'-=­
post-OP a(a, t, Sa.Ta, 'S; .Wa, Sa.Wa) 

~ ~ 

1\ Sa.Ta = Sa .ra 1\ Sa.Ua = Sa .Ua 

14.10.3 Implementing functions 

Implicit function 

f; (a: A) r:R 
pre P;(a) 
post Q;(a, r) 

Explicit function 

f, :A -->R 
f,(a) !e. h(a) 

pre P,(a) 
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The definitions, axioms and obligations for implicit and explicit functions apply (Sec­
tion 14.9.4), in addition to the obligations listed below. 

Obligations 

a: A; pre-f;(a) 
IJi1,-dom-obl) , ( ) pre-;t a 

I I a:A; pre-f;(a) 
Ji1,-satn post-f;(a,J.(a)) 

14.11 Case study 1: abstract specification 

Axioms 

cs: Controller-set; con: Space ~ Controller 
cap: Space ~ N; lac: Aircraft ~ Space 

inv-ATC(cs, con, cap, loc) 
I mk-ATC-fonn 1------:mkci'-A";'T;,;C~(c":s,"'c::!o"'n,==c:"ap::-,"ilo'"c~)·::. Af,T"'C"""-- Ax 

a:ATC I mk-ATC-defn I Ax 
mk-ATC(O'.onduty, O'.control, O'.capacity, a.location)- 0' 



mk-ATC(cs, con, cap, Zoe): ATC I inv-ATC-rj Ax 
inv-ATC(cs, con, cap, Zoe) 

mk-ATC(cs, con, cap, Zoc):ATC 
I capacity-dcfn I Ax 

. mk-ATC(cs, con, cap, Zoc).capacity- cap 

<r:ATC 
! capacity-form I (J' .capacity: Space ~ N Ax 

mk-ATC(cs, con, cap, Zoe): ATC 
[ control-defn I Ax 

mk-ATC(cs, con, cap, Zoc).controZ con 

<r:ATC 
I control-form I m Ax · · a .control: Space ~ Controller 

r;l

1
,-
0
,-

0
-:
110

-n--d-,-e""rn'l mk-ATC(cs, con, cap, Zoe): ATC Ax 
mk-ATC(cs, con, cap, Zoc).Zocation -Zoe 

<r:ATC 
[location-form I 0' .location: Aircraft ~ Space Ax 

r--:-c---:-c,-, mk-ATC(cs, con, cap, Zoc):ATC I onduty-dcfn I Ax 
. . mk-ATC(cs, con, cap, Zoc).onduty- cs 

<r:ATC 
I onduty-fonn I (J .onduty: Controller-set Ax 

p: Aircraft; <J: ATC; pre-comrollerOf(p, <J) 
( <J.controZ( <J.Zocation(p))): Controller I cowollaOf-dcfno l--,-~===~=-=-:c__,:'=.o-=.,-:-::-c:-:=' Ax . . controllerOf(p, <J)- <J.controZ(<r.location(p)) 

1· . I s:Space; <r:ATC; (s E dom(<r.comrol)):lll 
ls-acttvated-dcfn0 . . Ax 

rs-acttvated(s, <J)- (s e dom(<J.comrot)) 

p:Aircraft; <J:ATC; (p E dom(<J.location)):lll 
I is-known-dcfno I Ax 
. · is-known(p, <J) - (p E dom ( <J.location)) 

s: Space; Zoe: Aircraft ~ Space 
card(dom(loc~ {s})):N 

I numOfAircraft-dcfno 1-n-:u,--m""'O"''fi"A""ir"'cr:cac-;ljt,-7(sc., 'to-:cc-) '-_-"c'-arc'.d-f(di'o'-m:-:("Zo-:c"'~-{"s"} )") Ax 

Definitions 

inv-ATC(cs, cOn, cap, toe) def rngcon ~ cs A domcon s domcap A 

rng toe c; domcon" V s E rng toe· numOjAircraft(s, toe) :> cap(s) 

init-ATC(<r) del <J.onduty = {}" <J.capacity = {>-->} 



pre-Activate(s, cs, con, cap) def s E (domcap \ domcon) A rngcon :;i: cs 

pre-Commission(s,cop) def s ~ domcap 

pre-control/erOf(p, a) def is-known(p, a) 

pre-Decommission(s,con,cap) def s e (domcap\domcon) 

pre-ResetCapacity(s, n, cap, lac) def s e domcap A numOfAircraft(s, lac) ,; n 

, ( ~ del ~ ~ { } post-Actlvate s, c, con, con) = c e cs A c ~ rng con A con = con t s I-t c 

post-Commission(s, n,cap, cap) def cap= capt {s >-> n} 

post-Decommission(s, cap, cap) del cap= {s} ~cap 

~ del ~t{ } post-ResetCapacity(s, n, cop, cap) = cap= cap s >-> n 

Proof obligations 

! Commission-sat\ 

s: Space; n: N; cs: Controller-set 
con: Space ~ Controller; Ctip: Space ~ N 

lac: Aircraft--"'-> Space; inv-ATC(cs, con, cap ,lac) 
pre-Commission(s, cap) 

3cap: Space --"'-> N , 
post-Commission(s, n, cap, cap) A inv-ATC(cs,con, cap, lac) 

r----c-=::----• p: Aircraft; a: ATC; pre-contro/lerOf(p, a) I controllerOj-fonn I controllerOf(p, a): Controller 

a:ATC I init-ATC-fonn l-,--,-::.~::-,=-.,--:,­init-ATC( a): 1B 

I init-ATC-sat I 30': ATC, init-ATC( a) 

cs: Controller-set; con: Space ~ Controller 
cap: Space ~ N; /oc: Aircraft ~ Space I inv,ATC-fonn I ----'==::;,:::.-.=7:'::-=.:::.:.C":"'::r-'-=,===--. inv-ATC(cs, con, cap, lac): 'B 

s: Space; a: ATC 
I is-activated-form \-"'=7=-7;'--'-==~,­

is-activated(s, a): 'B 



JJV .l-.,. JJHCr...tUl,Y VJ JHC:VJCIU.:. 

I is-known-fonn l-'p-c:c-A>ei".,_.crc:-a"ift7; ::-a-:::ocAcoT.-C_ 
is-known(p, a): Ill 

! numOfAircraft-form I s: Space; loc: Aircraft ~ Space 
numOJAircraft(s, foe): N 

j post-Commissio~ 

s: Space; n: N; cs: Controller-set 
con: Space ~ Controller; Ccip: Space ~ N 

cap: Space ~ N; Zoe: Aircraft ~ Space 
inv-ATC(cs, con, cap, foe); pre-Commission(s, cap) 

post-Commission(s, rz, Ccip, cap): !a 

s: Space; n: N; cs: Controller-set 
con: Space ~ Controller; Ciip: Space ~ N 

cap: Space ~ N; Zoe: Aircraft ~ Space 
inv-ATC(cs, con, cap, foe) 

pre-ResetCapacity(s, n, cap, foe) I post-ResetCapacity-form j---"--'::---=---"---:---':-'-'--';;':::'--'-'--"--::---
. . post-ResetCapacity(s, n, cap, cap): 3 

I pre-Commission-form I 

j pre-comrollerOJ -form j 

s: Space; n: N; cs: Controller-set 
con: Space ~ Controller, cap: Space ~ N 

loc: Aircraft ~ Space; inv-ATC(cs, con, cap, loc) 
pre-Commission(s, cap): 3 

p: Aircraft; a: ATC 
pre-control/erOf(p, a): 3 

s: Space; n: N; cs: Controller-set 

I pre-ResetCapacity-form J 
con: Space ~ Controller, cap: Space ~ N 

loc:Aircraft ~Space; inv-ATC(cs,con,cap,loc) 
pre-ResetCapacity(s, n, cap, foe): 3 

s: Space; n: N; cs: Controller-set 
con: Space ~ Controller; Clip: Space ~ N 

loc:Aircraft ~Space; inv-ATC(cs, con, cap, loc) 
pre-ResetCapacity(s, n, cap, foe) 

JRese/Capacity-sat I ~3'c"a__,p-: s"p::-a,-c"e-~"mr;N.;:-:· ========="-------
post-ResetCapacity(S, n, cap, cap) A inv-ATC(cs, con, cap, foe) 



Validation conditions 

\Activate-lemma\ 

s: Space; c: Controller 
mk-ATC(cs, con, cap, /oc):ATC; mk-ATC(cs, con, cap, /oc):ATC 

pre-Activate(s, cs, Con, cap); post-Activate(s, C, con, con) 

c e (cs\ rngcon) 

p: Aircraft; a: ATC; is-known(p, 0") 
I aircraft-controller-unique[ ~i-:::n-:c:::''::T.:::--:--'::===76-1=--'=' . . 3! c: Contro//er · c - contro//erOJ(p, a) 

p: Aircraft; a: ATC; is-known(p, 0") 
[aircraft-in-unique-space [ 
. . 3! s: Space· s- a.location(p) 

s: Space; a: ATC; is-activated(s, a) 
I airspace-controller-unique I 
. . 3! c: Contro//er · c a.contro/(s) 

I I .nlf j-"p:.:.: A:::'::,'rc:::'::iafic;;t;'::;O"c;: A;:T..:C::,;,::is:.:.-k:::n::'o'-'w'-;n(pE:, 0""-')'-contro lerv -onduty -
contro//erOJ(p, 0") E O".onduty 

s:Space; mk-ATC(cs,con,cap,/oc):ATC; s E rng/oc ! Decommission-lemma l-'--'----'--::--r!:-:-'-'-:-:7:--cf-':.,.,--'--::~c---=­--,pre-Decommission(s, con, cap) 

s1: Space; s2: Space; cr: ATC; is-activated(s!, a) 
is-activated(s,, 0"); a.contro/(sz) = a.contro/(s,) 

I no-double-assignment 1-----'-'"--'-'--::--::--'--'-'----..:__'--"'-
. Si - Sz 

s:Space; a:ATC; ~(is-activated(s, a)) 
[ not activated => empty [ . . numOfAircraft(s, 0"./ocation)- 0 

Useful lemmas 

s: Space; a: ATC; ~ (is-activated(s, a)) 
[...., -is-activazed-E [ 

s <" dom ( 0" .control) 

mk-ATC(cs, con, cap, Joe): ATC I capacity-fonn-mk I cap: Space ~ N 

mk-ATC(cs,con,cap,/oc):ATC 
1 controi-fonn-mk \ con: Space ~ Controller 

,---;;-=-,-;c-., p:Aircraft; a;ATC; is-known(p, a) 
I controllerOf -defn [-,--::'-;;,.-:=c-:'-=--:~--:::==-,"-:c':-cc'-cc=c-. - contro//erOf(p, 0")- a.contro/(a./ocation(p)) 

p: Aircraft; a: ATC; pre-contro//erOf(p, a) 
I conzmllerOf -wfrj (a .control( a ./ocation(p)) ): C ontro//er 
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cs: Controller-set; con: Space ~ Controller 
cap: Space ~ N; foe: Aircraft.~ Space 

inv-ATC(cs, con, cap, foe) I inv-ATC-E-clauseli------'=='-::'":::'::::C=-:?'-="-'----­
rngcon ~ cs 

["l/i"WfTC-E-clausc2l 

I inv-ATC-E-clausc3l 

I inv-ATC-E-clause4l 

cs: Controller-set; con: Space ~ Controller 
cap: Space ~ N; foe: Aircraft ~ Space 

inv-ATC(cs, con, cap, foe) 
dom con !:;; dom cap 

cs: Controller-set; con: Space ~ Controller 
cap: Space ~ N; Zoe: Aircraft ~ Space 

inv-ATC(cs, con, cap, foe) 
rng Zoe !:; dom con 

cs: Controller-set; con: Space ~ Controller 
cap: Space ~ N; Zoe: Aircraft ~ Space 

inv-ATC(cs, con, cap, foe) 
Vs E rngfoc · nwnOfAircraft(s, foe)< cap(s) 

<J:ATC I inv-ATC-1-clausell-:::-:c::-::-=:'-'-i~-::-==:­rng a .control ~ cr .onduty 

<J:ATC I inv-A1'C-I-clausc3l-:cc-:::-.-:-:-"7-=-c;-:c:c-:::-c:-c-:::-:-.-­
rng a .location ~ dom a .control 

I inv-ATC-1-mk-clausell mk-ATC(cs, con, cap, foc):ATC 
rngcon ~ cs 

.m:.:k.:..·:.:A::.TC=( c:;:_s•:..:c:;:_o:.:n,:..:c=ap"-':.:fo:cc:.<):..:: A::cT:..:C:_ I inv-ATC-I-mk-clause21-
domcon ~ domcap 

I inv-ATC-l-mk-clausc3l 
mk-ATC(cs, con, cap, foe): ATC 

rng loc !;:;;; dom con 

I I ~---"-m"-'k,-A:.:.T...:C_,(:.:cs"', ,_co"'nc;., c'-'a-"p-',, fci-o"'c)'-;-:-,A,TC'o--:--:--:cc:-inv-ATC-I-mk-clause4 , 
Vs e rng foe· numO/Aircraft(s, foe) ,; cap(s) 

cs: Controller-set; con: Space ~ Controller 
cap: Space ~ N; Zoe: Aircraft ~ Space 

rngcon ~ cs; domcon!:; domcap; rng Zoe~ domcon = V s e rng foe· nwnOfAircraft(s, foe) ,; cap(s) 
~C-I-separate 1--=.::...:=:cin"v"'-A-i'T:i:C:;ii( c'=s:.:, c::oc=n:..:, c"'-a='p"', Tfo::Cc'f) :.::c=='----

s: Space; 0': ATC I is-activated-dcfn 1-~.-~.-,._,:7"-S'-'-',C-"-'.,...:----:,----:c---;;;­
's-acttvated(s, 0')- (s e dom O'.controf) 
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I . . I .s::: S:cp::a:::c::_e;'::-"cr-": A-.;:T:.:C=,;~is_,-a:::c.::ti.::va;;.t::ed,(::s ,_,cr:.!_) . ts-acuvated-E.-
s E dom ( CJ .control) 

s:Space; cr:ATC; s E dom(cr.control) I is-activated-I 1-'='::X~~~..::_::;...~:;:::::;~:::c:~::.L 
is-activated(s, cr) 

s: Space; cr: ATC I is-activated-wffl-,-_::=.:::;::!_:..:.:=~-=­
(s e dom ( cr .control)):~ 

I ,._ I p: Aircraft; cr: ATC 
iS-N~OWn-def~ 

is-known(p, cr)- (p E dom (cr.location)) 

I is-known-E l-'p:..::::._A::_ir-'c-'ra,.ift:.:.; -'CJC.::C:.A~T-='C-',; -'is=--:.;knc:o:.;wccn;.,(p:.:,_:CJ_,__) 
p E dom ( cr.location) 

p: Aircraft, cr: ATC I is-known-wffl-,--"-==~;.-=:=.~~ 
(p E dom(cr.location)):~ 

~~~--~ .m*~-7AT:..:C::_(~c::~.::CO~n~,~ca~p~,l~oc::).:::A.::T:..:C~ ltocation-form-mk 1-
. Joe: Aircraft ~ Space 

s:Space; Joe: Aircraft~ Space I numOfAircraft-defn 1--;;.;;~::::.:;;~:;.::.:;.:::~7,-.,..:.~~-,--~ 
· · numOfAircraft(s,/oc)- card(dom(loc~ {s})) 

. s: Space; Joe: Aircraft --~--t Space 
I numOJAtmaft-wffj card (dom (loc ~ { s })): N 

mk-ATC(cs, con, cap, loc): ATC I onduty-fonn-mk I cs: Controller-set 

14.12 Case study II: refinement 

Axioms 

cs: Controller-set; con: Space ~ Controller 
cap: Space ...."'.., N; ass: AssigMap 

inv-ATC1(cs, con, cap, ass) 
[lmk~~~r~c~,-~fu~nn§JI---~m~ki-~AjTzc~,(~cr~,~co~n~,~ca~p?,,~as~st):]A~T~C~,---Ax 

cr:ATC, I mk-ATC,-defn I Ax 
. · mk-ATC1(cr.onduty1, cr.contro/1, cr.capaciry,, cr.assigs1) cr 

mk-ATC1 (cs, con, cap, ass): ATC1 I inv-ATC,-11 Ax · · inv-ATC,(cs, con, cap,ass) 
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mk-ATC1 (cs, con, cap, ass): ATCt 
[ assigs1 ·dcfn f Ax . mk-ATC1(cs,con,cap,ass).assigs1 - ass 

. o-:ATCt 
\ asstgs1·form I cr.assigs1: AssigMap Ax 

. mk-ATC1(cs, con, cap, ass): ATC1 
\ capaetiYJ·dcfn ! . Ax mk-ATCt(cs, con, cap, ass).capacLtyt =cap 

o-:ATCt 
I capacitYI·form I a.capacityl: Space ~ N Ax 

mk-ATC1 (cs, con, cap, ass): ATC1 
\ controlt -defn \ Ax · · mk-ATCt(Cs, con, cap,ass).controlt con 

o-:ATCt 
I contro/ 1-forrn j Ax 
· · cr.controlt:Space ~Controller 

mk-ATC1 (cs, con, cap, ass): ATCt 
\ onduty1-dcfn I Ax · . mk-ATCt(cs,con,cap,ass).ondutyt = cs 

o-:ATCt 
onduty1-form Ax I I o-.onduty1: Controller-set 

s:A'; (s = [] v hds" elemstls A nonRptng(tls)):IB 
) nonRptng-dcfno-) Ax 
. · nonRptng(s)- (s- [] v hds" elems tis 1\ nonRptng(tls)) 

ass:AssigMap 
U{elemsq I q E rngass):Aircraft-set I knownAircraft -dcfn0 [--.---"-\-7-'--ci'T--"-;----'-c'f-i-7-'--'-=--i"-"C...:c:;___, Ax · . knownAircraft(ass)- U{elemsq I q E rngass} 

p: Aircraft; ass: AssigMap; pre-locOf(p, ass) 

r;~~§~h;,d(~t~s~e~d~o~m~as¥s'i·~p~e~e~le~m~s~a~s~s(~s~))~:S~p~a~c~e:i(S)Ax l~ocOf-defno I locOf(p, ass) ts E dom ass· p E elems ass(s) 

ass: AssigMap 
{p >--> locOf(p, ass) I 

r-~~~'-==~~~p,e~k~n~ow~nA~1~·r~cr~afi~t~(a=s=s~))~:~A=i"2c~ra~ifi~t_--._m-2S~p=ac=e~ j extrLoc-dcfno j Ax · · extrLoc(ass) -
{p >--> locOf(p, ass) I p E knownAircraft(ass)} 

o-:ATCt 
(mk-ATC(o-.onduty1, o-.controlt, 

--~~-~~~-,2"~·c=a~p=ac=i~ty~1 ,~e=xt~rLo~c~(=o-~.as=s=~~s~1 ~))~):~A=T~C~ I relr1-defn0 I Ax · retrt(O')- mk-ATC(o-.ondutyt, o-.controlt, 
o- .capacityt, extrLoc( o- .assigs1)) 
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s: Aircraft-set; 3q: AircraftQueue · elems q = s 
I buildQueue-defno I elems buildQueue(s) - s Ax 

s:Aircraft-set; 3q:AircraftQueue · elemsq = s 
j buildQueue-formo] Ax 
. . bui/dQueue(s): AircraftQueue 

toe: Aircraft ~ Space 
{s..., buildQueue(dom(loc~ {s))) Is e rngloc):AssigMap 

I e.ttrAss-defn0 l---::c:::-=nc--;-=,:-~=-';r;-:-:':c-"-c;'i-':c'-7;-c-:c;:-7-::-;-;{.--::-:-":-,--i'--;- Ax . . extrAss(loc)- {s..., buildQueue(dom(loc~ {s))) Is e rngloc} 

Definitions 

inv-ATC1(cs, con, cap, ass) def rng con~ cs A domcon ~ domcap A 

domass = domcon A 'Is e domass -lenass(s) $ cap(s) 

AssigMap del €. m: Space ----"'-., AircraftQueue I inv-AssigMap(m) > 

.A.M()def~ mv- sszg ap m = vs1,sz E domass·s1 :#Sz => 
elems ass(sr) n elems ass(s2 ) = { } 

AircraftQueue def ~ s: Aircraft I inv-AircraftQueue(s) ~ 

inv-AircraftQueue(s) del nonRptng(s) 

del pre-locOf(p, ass) = p e knownAircraft(ass) 

post-bui/dQueue(s, q) del elemsq = s 

pre-AddF/ightr (p, s, con, cap, ass) del s e domcon "p ~ knownAircraft(ass) 1\ 

lenass(s) < cap(s) 

post-AddF/ight,(p,s)iSS,ass) del ass= ass t {s..., ass(s) ~ [pl) 

Proof obligations 

p: Aircraft; s: Space 
mk-ATC(cs, con, cap, /oc): ATC 

mk-ATC,(cs1,con1, cap1, ass):ATC, 
mk-ATC(cs, con, cap, toe) = retr1 (mk-ATC,(cs,, con,, cap,,ass)) 

pre-AddF/ight(p, s, con, cap, Joe) I AddFlighr-dom-obtl-----p--'-rc.e--'-;A,Cd;';dF-;;I"igc;hr-,t,'(p"',-'-s-'-, c:-o"n-'-, ,--:c-'-ap-'-,-, aces-'-s,-)-----
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p: Aircraft; s: Space 

mk-ATC(cs, con, cap, lac): ATC 

mk-ATCt (cs,, con,, cap,, ass): ATCt 

mk-ATC(cs, con, cap, lOc) = retr, (mk-ATC,(cs,, con,,cap,, ass)) 
mk-ATC(cs, con, cap, lac): ATC 

mk-ATC1 (cs1, con,, cap,, ass): ATC1 

mk-ATC(cs, con, cap, lac) = retr1 (mk-ATC1(cs1, con1, cap1,ass)) 

r.-:=---;-:--7.1 pre-AddF/ight(p, s, con, cap, lac); post-AddF/ightt (p, s, ass, ass) 

IAddF/ight-rcs-obii post-AddF/ight(p, s, lac, loc) 

p: Aircraft; s: Space; cs: Controller-set 
con: Space ~ Controller; cap: Space ~ N 

ass: AssigM ap; inv-ATC, ( cs, con, cap, ass) 
pre-AddF/ight1 (p, s, con, cap, ass) 

3ass:AssigMap· 

post-AddFlightt (p, s, ass, ass) "inv-ATC(cs, con, cap, ass) 

s: Aircraft-set 
build ueue-sat . . -I Q I 3q:A~rcraftQueue · post-buzldQueue(s,q) 

! extrAss-fonn! 
loc: Aircraft ~ Space 
extrAss(loc): AssigMap 

ass: AssigMap 
I extrLoc-form 1-..,-,~-;---;--;-c-"---;c'-m--;c-­

extrLoc(ass): Aircraft ~ Space 

. . o-:ATC, 
lwu-ATC,-forml init-ATC

1
(o-):OI 

linit-ATCr-satl 3 ATC .. ATC ( ) cr: 1 • mu- 1 cr 

. . m: Space ~ AircraftQueue 
I tnv-AsSlgMap-form I inv-AssigMap(m): 01 

cs: Controller-set; con: Space ~ Controller 
cap: Space ~ N; ass: AssigMap I inv-ATC1-form 1----'-"7------'-c""'"':-=-"'-=--="';;--'-----. · inv-ATC,(cs,con,cap,ass):OI 

..----,-..,.-,,...,-----, s: Aircraft* 
I inv-queue-form I~-,.-;-:=:,::;,=--,--,-~ 
. . inv-AircraftQueue(s): 01 
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ass: AssigMap knownAircra t~fonn . . I !li I knownA~rcraft(ass): A~rcraft-set 

p: Aircraft; ass: AssigMap; pre-locOf(p, ass) 
pocOj-fonn I locOf(p, ass): Space 

s:A* I nonRptng-fonn I nonRptng(s): 8 

p: Aircraft; s: Space; cs: Controller-set 
con: Space ~ Controller; cap: Space ~ N 

liSs: AssigMap; ass: AssigMap 
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inv-ATC1 (cs, con, cap, ass); pre-AddFlight1 (p, s, con, cap, ass) 

post-AddF/ight, (p, s, ass, ass): Ill 

s: Aircr<ift-set; q:AircraftQueue 
lpost-buildQueue-form 1 post-bui/dQueue(s, q): 8 

p:Aircraft; s:Space; cs:Control/er-set 
con: Space ~ Controller; cap: Space ~ N 

ass: AssigMap; inv-ATC, (cs, con, cap, ass) I pre-AddF/ighl!-fonn 1-=:..:p.::re:::-A'!'d::;.d;.;F;t;h'-.g.;:ht"'
1

.;(pc:, s:..:,:.cco"n"',"-ca:..:p:.::,c.:as00s:f'):c;8=c_ 

p: Aircraft; ass: AssigM ap 
lpre-locOj-form I pre-locOf(p,ass): 8 

Useful lemmas 

I []-form-queue 1-(~]~: A~ir-a-afi~t~Q-u-eu_e_ 

p:Aircraft; ass:AssigMap; p E knownAircraft(ass) 
I e~knownAircraft-E J 3q e rngass. p e elemsq 

I e -knownAircraft~E I 
. . \fq e rngass · p ~ elemsq 

p:Aircraft; ass:AssigMap; p e knownAircraft(ass) 
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I AddF/ighr-dom-obl-simp I 

p: Aircraft; s: Space 
mk-ATC(cs, con, cap, extrLoc(ass)): ATC 

mk-ATC1 (cs, con, cap, ass): ATC1 

pre-AddFlight(p, s, con, cap, extrLoc(ass)) 
pre-AddFlight, (p, s, con, cap, ass) 

p: Aircraft; s: Space 
mk-ATC(cs, con, cap, extrLoc(iiSs)):ATC 

mk-ATC, (cs, con, cap, iiSs): ATC, 
mk-ATC(cs, con, cap, extrLoc(ass)): ATC 

mk-ATC1(cs, con, cap, ass): ATC1 

pre-AddFlight(p, s, con, cap, extrLoc(ass)) 
post-AddF/ightt (p, s, iiSs, ass) 

I AddFiighr-res-obl-simp 1-p-o-s-t-A--:-;ddF-':C/C:ig'-'h_::t(p=, s=, e"x:.::tr:.:Lo=c(=:zas=s=c)"', e=x=-tr'::Lo-c--:(_as_s::) )-

I . . . I p: Aircraft; ass: AssigMap; p E knownAircraft(ass) 
rurcraft-m-umque-space, :"1f d 1 ( ) 

::1. s e om ass· p e e ems ass s 

I AssigMap-fonn-t I 
p:Aircraft; s: Space; ass:AssigMap 
p " knownAircraft(ass); s E dom ass 
ass t {s >-> ass(s) ~ [pl):AssigMap 

ass: AssigMap 
I AssigMap-supcrtype I ass: Space ~ AircraftQueue 

m: Space -!':'... AircraftQueue; inv-AssigMap(m) I AssigMap-form I m: AssigMap 

,-~~--~ ·"~'~k--=A=-T~C~,(~c~s,~c~on~·~c~ap~·-=a~~~)-~·A=T~C~,-
1 assigs1-fonn-mk 1-. . ass: AssigMap 

s: Aircraft-set 
I buildQueue-dcfn I elems bui/dQueue(s) s 

s: Aircraft-set 
I buildQueue-form j bui/dQueue(s): AircraftQueue 

cap: pace~ 

I I a: Aircraft; q:AircraftQueue; a,; elemsq 
cons-fonn-queue . 

cons( a, q): AzrcraftQueue 

mk-ATC, (cs, con, cap, ass): ATC, 
I controll-fonn-mk I con: Space ~Controller 



- .c:l.:.o:::c:c.A::i:.:rc,_r::;aft7,---->,m_:S:cp.::a::;ce::_ I dom~extrAss-defn I 
domextrAss(loc) = rng/oc 

ass:AssigMap 
dom-extrLoc-defn . I I domextrLoc(ass)- knownA~rcraft(ass) 

ass: AssigMap I dom-fonn-AssigMap 1---c-===;==--,­. . domass: Space-set 

f a:Aircraft; q:AircraftQueue 
elems-dcfn-cons-queue I 

1 
( ) dd( 

1 
) eemscons a,q -a a,eemsq 

q: AircraftQueue 
elems-form- ueue . I q I elems q: Aircraft-set 

Joe: Aircraft ~ Space I extrAss-extrLoc-inv~ -.:="'::=.2':7-==c:'::~:;,­loc- extrLoc(extrAss(loc)) 

p: Aircraft; s: Space; ass: AssigMap 
p e; knownAircraft(ass); s E domass 

extrLoc(ass t {s >-> ass(s) ~ (pJ}) extrLoc(ass) t {p >-> s) 

[extrl..oc-defn! 
ass:AssigMap 

extrLoc(ass) {p >-> locOf(p,ass) I p E knownAircraft(ass)) 

ass:AssigMap I ex1rLoc-wff 1-,--;---:=---;-.,.---7'"-~'?'--"'C;-~,--,,.,--;c-· {p >-> locOf(p, ass) I p E knownAircraft(ass) ):Aircraft ~Space 

. . ass: AssigMap 
lmv-AsszgMap-l I inv-AssigMap(ass) 

I inv-ATC1-I-clausel I a:ATC1 

rng a .control 1 c 0' .onduty, 

a:ATC1 I inv-ATC1-I-clausc2J--,-----;..:..:.:::.c"'--c---o--
. . dam a.contro/1 ~ doma.capacity1 

a:ATC, I inv-ATC1-1-clause3\-::c:-c-::-=c-:---:;-:-':::-:::-:--,--;::::-;-. · dom 0' .assigs, - dom a .controlt 

a:ATC1 I inv-ATC,-I-clause4J V s E dom a.assigs1 • len ( a.assigs,)(s) , ( a.capacity,)(s) 

r-~~~~~~ .m~k~-~A~TC~1 (:::cs~,:::co~n~,:::ca~p~,=as"-s~)::::A~T~Cc_, 
I inv-ATC1-I-mk-clause31-
. . dam ass - dom con 
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cs: Controller-set; con: Space ~ Controller 
cap: Space --"'-> N; ass: AssigMap 

I inv-ATC,-1-separate I 
rngcon ~ cs; domcon ~ domcap; domass = domcon 

V s e dom ass · len ass(s) < cap(s) 
inv-ATC, (cs, con, cap, ass) 

p: Aircraft; s: Space; ass: AssigMap 
p e knownAircraft(ass); s e domass 

I knownAi,aoft-t -lemma 1--,kC"'no=w-cnA't(C.rc.::r:.:'aftz(i"a-"ss='t:iT{ s"':">->"'as0::::s7'(s") .;.c[p:,]T) )"'-==----
add(p, knownAircraft(ass)) 

,..,.--"'C"'C-:--:-:"'1 ass: AssigMap 
I knownAi,aaft-defn I knownAircraft(ass) - U{ elems q I q E rng ass} 

ass: AssigMap 
knownAircra t-wff . I if; I U{elemsq I q e rngass):Atrcraft-set 

p: Aircraft; s: Space; ass: AssigMap 

I I .Pc-:::""k;;n:.:o,_w,_nA:.=,ir;:,cr.caft=(a:.:s:cs)7; "s~e..,.:.,do;,m,as=s-tocOf-t--. -iocOf(p, ass t {s >-> ass(s) [p]))- s 

p: Aircraft; s: Space; ass: AssigMap 
a: Aircraft; p e knownAircraft(ass) 

s e domass; a e knownAircraft(ass) 
ltocOf · t 4 1-t•o-ccO"'f"'( a-.'-a-'-ss'-;t"'{i-'s"'>->'-'-a:-,-<s7(s-,)~[p"'J"') )'--+io-'cO"'fr'(C"'a.-ca:css") 

I I p: Aircraft; ass: AssigMap; pre-iocOf(p, ass) 
locOf-defn locOf(p, ass) ts e domass · p e elemsass(s) 

I I p:Aircraft; ass:AssigMap; pre-locOf(p,ass) locOJ-wff 
(ts e domass · p e elemsass(s)):Space 

s:A• 
I nonRpmg-defn I nonRptng(s) - (s - [] v hd s e elems tis A nonRptng(tls)) 

s:A* 
I nonRpmg-wrrl (s _ [] v hds e elemstls A nonRptng(tls)): ~ 

r--o::::-:--;-.,--;-;" s: Space; ass:AssigMap; s e domass 
I numOfAircraft-elm-defn I . numOfAtrcraft(s, extrLoc(ass)) -lenass(s) 

mk-ATC1 (cs, con, cap, ass): ATC1 
I ondury,-form-mk I cs: Controller-set 

mk-ATC(cs, con, cap, loc): ATC I re.,,.adeq·assigs l-o;3-as_s_: A-;-ss~ig-M;-;'-ap=· =-'-"='-'-'"-'-""-'-'-"--:.._-___ _ 

inv-ATC1 (cs, con, cap, ass) A ioc = extrLoc(ass) 
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mk-ATC(cs, con, cap, loc):ATC 
I rerr,-adeq-mk I 3o-1: ATC1 - retr1(o-1)- mk-ATC(cs, con, cap, loc) 

o-: ATC1 I retr1-dcfn 1-,-e-tr-,'( o-"');-----------=-==--=-'------------

mk-ATC( o-.onduty1, o-.control,, o-.capaciry,, extrLoc( o-.assigs1 )) 

mk-ATC 1(cs, con, cap, ass):ATC, 
I rerr, -dcfn-mk l-:-c-:::-=;:-;~i7::::C:"-':'-==:C:::':':'-:'2'====~----. · retr1 (mk-ATC1(cs, con, cap, ass)) -

I retrt-B-capacity j 

[ relrt·B-control[ 

\ relrt·B-/ocation \ 

mk-ATC(cs, con, cap, extrLoc(ass)) 

mk-ATC(cs, con, cap, /oc): ATC 
mk-ATC1 (cs1, con1, cap1, ass): ATC1 

mk-ATC(cs, con, cap, loc) = retr1(mk-ATC,(cs1, con,, cap,, ass)) 
capt- cap 

mk-ATC(cs, con, cap, loc): ATC 
mk-ATC1 (cs1, con1, cap1, ass): ATC1 

mk-ATC(cs, con, cap, /oc) = retr1(mk-ATC1(cs1, con,, cap1,ass)) 
con1 con 

mk-ATC(cs, con, cap, loc):ATC 
mk-ATC1 (cs1, con1, cap,, ass): ATC1 

mk-ATC(cs, con, cap, loc) = retr1 (mk-ATC1(cs,, con,, cap,,ass)) 
extrLoc(ass) - foe 

mk-ATC(cs, con, cap, loc): ATC 
mk-ATC, (cs,, con,, cap,, ass): ATC, 

mk-ATC(cs, con, cap, /oc) = retr1(mk-ATC1(cs1,con1,cap1,ass)) 
CSt- CS 

o-:ATC1 

I retr,-wrfi (mk-ATC( o-.onduty1, o-.contro/1, o-.capacity1, extrLoc( o-.assigs, ))): ATC 

ass: AssigMap 
I mg-extrLoc-lemma! 

rng extrLoc(ass) k; domass 

ass: AssigMap 
m -form-Assi Ma . I g g PI rng ass: A~rcraftQueue-set 
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e -set-comp-1, 293 
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n-u-dist-left, 294 
n-u-dist-right, 294 
n-u-empty-E-left, 294 
n-u-empty-E-right, 294 
n-u-left-empty-1, 294 
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n-add-1-e, 294 
n-add-1-e, 294 
n-ass, 294 
n-comm, 294 
n-comp, 294 
n-defn-{ }-left, 294 
n-defn-{ }-right, 294 
n-form, 96, 96, 288 
n-1-righH;;, 294 
n-self, 295 
n-form, 97' 289 
t-defn, 280 
t-fonn, 57,279 
!-form-set, 92, 226, 288 
!-I, 57,279 
t-1-set, 92, 288 
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<-form, 320 
<-irreftexive, 285 
<-total-order, 285 
<-trans, 285 
,; - ,;-defn, 83, 284 
,;-form, 204, 320 
,;-succ-defn, 285 
N-cases, 286 
N-indn, 73, 76-81, 284 
N1-supertype, 82, 286 
N1-l, 286 
N1-indn, 84, 286 
N1-E, 82, 286 
~ -V -> 3-deM, 47, 277 
~-V-E, 277 
~-V-1, 277 
~-V-1-~, 47,277 
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~ -A-E-deM, 32, 32, 47, 271 
~ -A-E-left, 271 
~ -A-E-right, 272 
~-A-I-deM, 32, 32, 272 
~ -A-1-left, 272 
~-A-l-right, 272 
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~-v-E-right, 25, 25, 30, 31,268 
~-v-1, 25, 25, 30, 31, 152,268 
~ -v-1-deM, 32, 272 
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~ -add-!::;-1-elem, 295 
~ -add-!::;-1-set, 295 
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~-form, 151,320 
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;e-comm, 279 
;<-form, 320 
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e-v-E, 295 
"'-v-E-Ieft, 295 
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e -add-E, 295 
e -add-E-left, 89, 295 
e -add-E-right, 89, 295 
e -add-!, 89, 89, 90, 295 
e -diff-E, 295 
"'-diff-1-left, 218, 296 
"'-diff-1-right, 296 
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e -dom-addm-E, 307 
"-dom-addm-E-Ieft, 307 
e -dom-addm-E-right, 307 
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e-form, 320 
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e -rng-addm-E, 308 
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e -mg-addm-E-right, 308 
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e -subset-!, 210, 214, 296 
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v-ass-right, 37, 63, 272 
v-comm, 26, 27, 28, 30, 273 
v-E, 24, 24, 26, 27, 30, 31, 34, 36, 37, 

42,59,62,88,90,99,267 
v-E-left-~, 26, 26, 27, 28, 30, 31, 33, 

273 
v-E-right-~, 27, 27, 27, 28, 30, 31, 33, 
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v-form, 152, 152, 320 
v-fonn-sqt, 152, 152, 224, 320 
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v-I-left, 24, 24, 26, 30, 33, 34, 88-90, 
151,268 

v-I-right, 24, 24, 26, 30, 33, 34, 89, 90, 
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v-subs-left, 273 
v-subs-right, 273 
j·-ass, U9, 121, 122, 308 
t -comm, 122, 122, 308 
t-defn-{ >-->}-left, 120, 121,308 
t-defn- {>-->}-right, 119, 121, 303 
t-defn-addm, l19, 303 
t-form, 121, 122, 214, 308 
t-preserves-dom-[;;, 214,308 
t-self, 119, 308 
+ = 0-E, 79, 286 
+-ass, 79, 286 
+-comm, 79, 286 
+-defn-0-left, 77, 78, 79, 81,284 
+-defn-0-Ieft-rev, 141 
+-defn-0-right, 78, 79, 286 
+-defn-succ-left, 77, 78, 79, 79, 81, 284 
+-defn-succ-left-comm, 141, 286 
+-defn-succ-right, 78, 79, 286 
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~-defn-{a }-e, 210, 308 
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~defn-addm-e, 114, 303 
Horm, 114, 203,308 
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~-defn-addm-e, 114, 303 
~-defn-addm-e, 114, 303 
Horm, 114, 308 
c -defn, 93, 288 
[;;-add-add-!, 296 
!:;;-defn,92,92,93-95,288 
!::;-dom-t-1, 309 
!:;;-E,204,2!1,214,218,296 
[;;-form, 204, 320 
[;;-!, 94, 94, 95, 296 
[;;-self, 92, 296 
!:;;-trans, 204, 296 
x-ass, 286 
x-comm, 286 



358 

x-defn-0-left, 284 
x-defn-succ-left, 284 
x-form, 287 
v-n-dist-left, 296 
v-n-dist-right, 296 
v-add-left-1, 296 
v-add-right-1, 296 
v-ass, 297 
v-comm, 98, 98, 297 
v-comp, 297 
v-defn-{ }-left, 297 
v-defn-{ }-left-rev, 297 
v-defn-{ }-right, 297 
v-defn- { }-right-rev, 297 
v-defn-those, 297 
v-form, 96, 96, 98, 99, 288 
v-I-left-~:;, 297 
u of subsets is subset, 297 
v-self, 297 
u-v-dist, 297 
U-comp, 297 
U-defn-{ }, 104, 297 
U-defn-{a},297 
U-defn-add, 297 
U-form, 97, 289 
'"Y-ass, 122, 122, 309 
<Y-comm, 122, 309 
<Y-defn, 121, 122, 304 
<Y-defn-{>--> }-left, 121, 121,309 
<Y-defn-{ >-->)-right, 121, 121, 309 
<Y-form, 309 
l-ass-left, 62, 62, 63, 281 
l-ass-right, 62, 63, 281 
1-comm, 281 
1-E, 62, 62, 63, 281 
1-1-left, 61, 63, 281 
l-1-right, 61, 63, 66 
0 < n(Nt). 287 
0-form, 72, 73, 78, 79, 81, 137, 140, 141, 

284 
Activate-lemma, 219 
add-~:;-E-left, 298 
add-~:;-E-right, 298 
add-k;-1, 298 
add ---7 v, 97, 98, 298 
add-abs, 298 
add-add-form, 298 
add-comm, 118, 298 

RULE INDEX 

add-comp, 298 
add-diff-k;-1, 298 
AddFlight-dom-obl, 236, 237, 238 
AddFlight-dom-obl-simp, 238 
AddFlight-res-obl, 236 
AddF/ight-res-obl-simp, 238 
add-form, 86, 96, 98, 99, Ill, 287 
add-reduction, 298 
addm-t-defn-e, 309 
addm-t-defn-e, 309 
addm-t-defn-compatible, 309 
addm-t-ident, 309 
addm ---7 t, 309 
addm-comm, 109, 118, 302 
addm-defn-~-{a )-=, 118, 119, 130,309 
addm-extract, 309 
addm-form, 108, 119, 125, 302 
addm-form-bimap, 309 
addm-overwrite,109, 117,302 
aircraft-controller-unique, 202 
aircraft-in-unique-space, 202 
aircraft-in-unique-spacet, 226, 226 
airspace-controller-unique, 202 
appl-defn-hd, 143, 144, 145, 315 
appl-defn-tl, 143, 144, 145, 315 
appl-form, 143, 143, 316 
AssigMap-forrn-t, 239 
AssigMap-supertype, 227 
assigs1-forrn-mk, 238 
at-defn-t-{a >-->b)-=, 216,309 
at-defn-t-{a >--> b)4, 214,310 
at-defn-t-addm-=, 310 
at-defn-t-left, 310 
at-defn-t-right, 310 
at-defn-addm-=, 115, 303 
at-defn-addm-;<, 115, 303 
at-defn-map-comp,127, 304 
at-defn-map-comp-f(a), 128, 310 
at-defn-map-comp-left-set, 129, 310 
at-forta, 115, 204, 209, 211, 214, 310 
at-form-bimap, 157, 310 
bimap-1-1, 208,310 
bimap-1-1-~. 310 
bimap-E, 123, 124, 125, 310 
bimap-form, 123, 125, 310 
bimap-indn, 124, 148, 310 
bimap-supertype,123, 124, 125,214,311 
bimap-unique-mg-elem, 311 
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bui/dQueue-formo, 234 
buildQueue-form, 234, 236 
buildQueue-sat, 234 
capacity-form, 205, 206 
capaciry-form-mk, 218,232,237 
card=0-1, 210, 298 
card;<{}-E, 298 
card-defn-{ ), 95, 95,288 
card-defn-v, 298 
card-defn-add, 95, 95, 95, 288 
card-form, 95, 203,298 
Commission-sat, 213, 242 
compatible-t-l-left, 121, 121, 122,311 
compatible-t-1-right, 121, 121, 122,311 
compatible-addm-E-left-~, 311 
compatible-addm-E-right, 311 
compatible-comm, 120, 121, 311 
compatible-defn, 120, 303 
compatible-defn- {~}-left, 120, 121, 311 
compatible-defn-{ ~}-right, 120, 121,311 
compatible-E, 120, 311 
compatible-!, 120, 311 
conc-defn-[ ], 143, 143, 316 
conc-defn-cons, 143, 143, 316 
cone-form, 142, 143, 316 
condition-false, 58, 138, 142,280 
condition-true, 57, 172, 280 
condition-true-ident, 137, 142,280 
cons->'-[], 134, 138, 142, 316 
cons -> ~, 316 
cons-form, 134, 141, 316 
cons-form-queue, 235, 235 
cons-form-seq+, 134, 314 
cons-!, 136, 316 
contradiction, 24, 27, 30, 31, 57, 130, 

206,268 
control-form, 208, 210, 211 
control-fonn-mk, 218, 232, 237 
controllerOf-defno, 201 
controllerOf-defn, 211 
controllerOj-form, 202, 208 
controllerOf-onduty, 202 
controllerOJ-wff, 211 
Decommission-lemma, 217 
diff-=- { }-defn, 298 
diff-n-deM, 298 

diff-n-1, 299 
diff-!;-1, 299 
diff-v-deM, 299 
diff-add-1-E, 299 
diff-add-1-~, 299 
diff-comp, 299 
diff-defn-{ }-left, 299 
diff-defn-{ }-right, 299 
diff-fonn, 96, 97, 288 
diff-1-!;, 299 
diff-self, 299 
dom-{ ~ )-!, 210, 311 
dom-~-defn, 311 
dom->'-{ }-E, 311 
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dom-addm-n-E-left, 312 
dom-addm-n-E-right, 312 
dom-defn-{~},110, Ill, 116,206,302 
dom-defn-t, 312 
dom-defn-addm,110, 110,110,111,112, 

302 
dom-defn-addm-E, 112,312 
dom-defn-inv, 131, 312 
dom-defn-map-comp, 127,304 
dom-defn-map-comp-left-set, 129, 312 
dom-extrLnc-defn, 230, 238, 239 
dom-finite=>mg-finite, 131, 312 
dom-fonn, 110, 203, 204, 214, 218, 238, 

312 
dom-fonn-AssigMap, 226, 227, 238 
dom-fonn-bimap, 155, 157, 204,210, 

211, 214, 218, 312 
elems -> those, 316 
elems-defn-[ ], 235, 317 
elems-defn-~, 139, 317 
elems-defn-~-cons, 317 
elems-defn-cons, 317 
elems-defn-cons-{a ), 317 
e1ems-defn-cons-queue, 235, 235 
e1ems-fonn, 138, 317 
elems-form-seq+, 157, 317 
extrAss-extrLoc-inverse, 234, 234 
extrAss-fonn, 233 
extrLoc-t, 239,239 
extrLoc-defno, 229 
extrLoc-fonn, 229, 229 
false-contr, 273 
false-E, 273 
false-form, 151, 321 
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finite-set-image, 102, 299 
fst-defn, 64, 281 
fst-form, 64, 65, 66, 281 
hd-defn-[a], 137, 317 
hd-defn-cons, 136, 142, 224, 225, 314 
hd-form, 136, 317 
inds-defn-[], 317 
inds-form, 145,317 
inhabited=>non-empty, 299 
init-ATC-form, 200, 205 
init-ATC-sat, 200 
init-ATC,-adeq, 240 
initial-interval-form, 299 
initial-interval-1-form, 145, 299 
interval-diff-defn, 299 
interval-finite, 103, 103, 300 
interval-form, 103, 300 
interval-empty, 299 
inv-AssigMap-form, 224 
inv-AssigMap-l, 227 
inv-ATC-E-clausel, 214 
inv-ATC-E-clause2, 214 
inv-ATC-E-clause3, 214 
inv-ATC-E-c1ause4, 214 
inv-ATC-form, 200 
inv-ATC-l, 200 
inv-ATC-I -clause I, 211 
inv-ATC-l-clause3, 210, 211 
inv-ATC-l-mk-clause3, 218 
inv-ATC-1-separate, 206, 214, 216 
inv-ATC,-I-mk-clause3, 238 
inv-defn, 130, 304 
inv-form, 131, 312 
is-1-1-t-{a >-> b )-E-e -mg, 312 
is-1-1-addm-E-.,;-map, 125,126,312 
is-1-1-addm-E-.,; -rng, 125, 126, 130, 313 
is-1-1-defn, 123, 304 
is-1-1-E, 124,313 
is-1-1-1, 123,313 
is~activated-defn0, 201 
is-activated-£, 207, 208 
is-activated-form, 201 
is-known-defn0 , 201 
is-known-£, 209, 211 
is-known-form, 201 
ITE-form, 60, 280 
ITE-form-sqt, 58, 60, 280 
knownAircraft-t-1emma, 239 

len-defn-[ ], 140, 141, 317 
len-defn-[a], 317 
1en-defn--, 139, 139, 141, 317 
len-defn-cons, 141,317 
len-defn-seq+, 317 
len-form, 137, 138, 141, 145,318 
len-form-seq+, 318 
location-form, 209-211 
location-form-mk, 218, 232, 237, 238 
locOf-t -=, 239 
locOf -t-.,, 239 
/ocOf-form, 226, 226 
/ocOj-wff, 226, 226 
map-1-extend-dom-left, 313 
map-1-extend-dom-right, 313 
map-1-extend-rng-left, 313 
map-1-extend-rng-right, 313 
map-comp-defn-set, 128, 305 
map-comp-form, 127, 304 
map-comp-form-left, 313 
map-comp-form-left-set, 129, 313 
map-comp-form-set-ident, 128, 313 
map-comp-left-defn-add, 239, 313 
map-indn, 109, 111, 116, 117, 124, 125, 

302 
merge-defn-{ >-> }, 304 
merge-defn-add, 304 
merge-form, 314 
mk-ATC-defn, 200, 231 
mk-ATC-form, 199, 206, 230 
mk-ATC,-form, 232 
nil-form, 66, 282 
no-double-assignment, 202 
non-empty-set-inhabited, 104, 300 
nonRptng-defn0, 224, 224, 225 
nonRptng-form, 224, 225 
nonRptng-wff, 224 
not activated => empty, 202 
numOjAircraft-defno, 200, 203 
numOfAircraft-defn, 203, 204, 210 
num0fAircraft-e1m-defn, 230, 238, 239 
numOfAircraft-form, 200,203,204,210, 

238 
numOJAircraft-wff, 203, 203, 204 
ondury-defn, 200 
onduty-form, 200, 205, 206, 211 
ondury-form-mk, 232, 237 
opt-1-extend-left, 282 
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opt-E, 67, 282 
opt-E-i"-nil, 67, 282 
opt-!, 66, 282 
pair-=-merge, 64, 282 
pair-=-split, 64, 64, 282 
pair-1-extend-left, 66, 282 
pair-1-extend-right, 66, 282 
pair-form, 64, 66, 282 
pair-defn, 64, 66, 281 
post-bui/dQueue-form, 234 
post-Commission-form, 212 
pow-comp, 300 
pow-form, 97, 289 
pre-Commission-form, 212 
pre-control/erOJ-form, 201 
pre-locOf-form, 226 
ResetCapacity-sat, 217 
retr1-adeq, 229, 231 
retr1-adeq-assigs, 231, 232-234 
retr1-adeq-mk, 231,231 
retr1-defno, 229,231 
retr1-defn, 230, 230 
retr1-defn-mk, 230, 231, 232 
retrt-E-capacity, 237, 237 
retr1-E-contro/, 237,237 
retrt-E-/ocation, 237, 237 
retr1-E-onduty, 237, 237 
retr1-form, 229 
retr1-wff, 230, 230, 231 
rng-defn, 314 
rng-defn-{ >-> }, 111, 206, 302 
rng-defn-addm, 119, 314 
rng-defn-addm-e, 114,114, 116, 118,314 
rng-defn-addm-e, Ill, 111,117-119,302 
rng-defn-inv, 130, 314 
rng-defn-map-comp, 129,314 
mg-extrLoc-lemma, 230 
rng-form, 112, 204, 206, 210, 211, 214, 

218, 314 
mg-form-AssigMap, 227 
rng-form-bimap, 155, 157,204, 211,314 
seq-~-indn, 146, 146, 318 
seq-1-extend-left, 318 
seq-1-extend-right, 318 
seq-indn, 134, 134, 135, 137-139, 142-

144,146-148,172,224,225,314 
seq-sep, 148, 148,318 
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seq+-E, 135, 318 
seq+-hn~134, 136,147,318 
seq+-I, 318 
seq+-indn, 148, 318 
seq+-supertype, 135,318 
sequent-E-basic, 68, 68, 283 
sequent-E-basic-2, 70, 283 
sequent-E-gen, 67, 68, 283 
sequent-E-gen-2, 70, 146, 283 
set-1-extend-left, 300 
set-1-extend-right, 300 
set-comp-defn-set, 101, 289 
set-comp-form, 101, 101, !05, 289 
set-comp-form-set-ident, 102, 300 
set-comp-form-set-ident-global, 102, 

300 
set-comp-rewrite, 300 
set-image-form, 300 
set-indn, 87, 87, 88, 90, 109, 235, 287 
snd-defn, 64, 282 
snd-form, 64, 65, 66, 282 
subtype-1-extend-left, 283 
subtype-1-extend-right, 69, 283 
subtype-E, 67, 67, 68, 163, 283 
subtype-!, 67, 67, 68, 163, 283 
subtype-subs, 67, 283 
succ- >-inherit, 84, 287 
succ" 0, 73, 80, 81,284 
succ-I-!, 75,284 
succ-I-!->', 287 
succ-form, 72, 73, 78, 81, 138, 141,284 
supertype,67,67,68, 163,283 
those-=-form, 300 
those-e -form, 300 
those-v-form, 300 
those-> { }, 301 
those-form, 100, 101, 103, 105,301 
those-form-e_.,, 301 
those-form-rewrite, 301 
those-!, 301 
those-rewrite, 301 
those-weaken, 301 
tl-defn-[a], 137, 318 
tl-defn-cons, 136, 138, 142, 225, 314 
tl-form, 136, 318 
true-form, 151, 321 
true-!, 24, 24, 30, !51, 267 
n=O <=> n,;(), 287 
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n, < n, 1- 0 < nt, 287 
n < succ(n), 287 
s, \ (St \s,) = St ns,, 302 
St (") (St \ S2) = St \ S2, 301 
s, n (s, \ s,) = { }, 301 
(s1 n s2 ) ~ s2 , 301 
(s, n s2 ) ~ St, 301 
s, ~ (s, us,), 301 
s, ~ (s, us,), 301 
S! U (St \ S2) = St. 302 
St u (s, \ s!) = St us,, 302 
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