



















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































A ARG LIRSS JUD

§: A-set
sqiol = (o7 &

@A, BB mA -2 B, siAset ae s
-defn- - Ax
<defn-addm-¢ s 4 addm{a — b,m) = addm({a — b,s {m)

@ biB A B sidset ae s
== sqaddm(a— b,my=s4m

5. B-get
BT M

adi bibmd DB sibetbes
— addm(a = b,m)bs = {@} 4(mbs)

@A, b:B; mA -5 B; s:B-sel; be s
addmia — b,m)b s = addm{a — b,mp 3) Ax
5. B-set
dcfn— rs}
prtetn- -} s = oy A
@A B mA 2B, s:Bsel, be s Ax
addmia — b,m) b s = addm(a — b,mbp )

aA; b:B; mA ZuB; siB-set; be s Ax
addm(a v b,m)bs = {a} 4 (mbs)

A, b B oA B

addniars b,my@)=5 "

a:A; b:B; ¢:A; mA -5 B; c#a, c& domm .
SRR addm{a — b, m)(c) = m{c) X

my A 2 By maiA 24 B

dommy = dommy; Va e dommy; - my{@) = ma(a)
=-map-defn - A
iy = m
mA 2+ B
t-defn-{—}-right —”“-{T?;;‘* Ax

a:A: b:B, myA - By mpA - B
on-a my T addm(a — b,my)} = addm(aHbml‘{“mz)

hiedet myA -2 B mayA -4 B
compatible(m, my) < Va e domm; dommy - my(a) = mg(a)
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fs-1-1-defn mA = B A
2O T -1 (m) & Vx,y & dommt - mix) =m(y) = x=y

myiA = By my:A - B; compatible(my, my)
"
mywm =m tm

; mA—+ 8B A
P e o= 1)
a A, BB, m:B -5 Comy A2 B

mynt C dommy; a e domny; be dommy
o-defn-addm

my o addmia v b,my) = addm(a v m(b), ny o my)

s (=TT ™
m:A s By s:(A - B)-set
Vm,my & add(m,s) - compatible(m;, ma)
merge add(m, s) = m T (merge §) A

m:A < B

inv-defi
m = {m(a) — a|a e domm} A

Vx: A - 8P(x)
x:A, P} | f(x):B
x:A, Px) b gxx:C
ds:B-set-Vy: A - P(Y) = fiy)e s
Vay, az: A - Pla) A Plag) Af(an) = flas) = glan) = glaz)

F@ - g1 xA PO}B 2= C Ax

Vx: A- 8P(x)
xA, P(x}t f(x):B
x4, PO glanC
35:B-set-VyA-P(y) = f(y)e s

Vay, a1 A Play) A Plaz) aflar) = flaz) = gla)) = glan)
dom-defn-map-comp dom {f( ) o g(0) | XA - P(x)} - {f(x) (%A P(x)} Ax

b:B
Vx:A - 8P(x)
A, P b f(x:B
xA, POk gl C
Js:B-set-Vy: A Py = fWes
Vai,ap: A - Playy A Pl@) Afla) = fla) = gla) = gla)

be dom {f(x) v glx) | x: 4 - P(x)}
700 = g0 | %A - PO (D) = Ax

1 C VA -POAb=f(x) = ¢ =g(x)
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5: A-set
Yxe s 0P(x)
XA xes P b fx)B
xA, xes PO gl C
3 B-set-Vye s-POY) = f¥) et

Mmap-compdita sl Va,a € s Play) A Pan) aflan) =fla) = gla) = g(@)
(mep-comp-def st o meixe s P} =

{fix) = gx) [ x:A -x & s A P(X)}

Definitions
ALLB = <mA T Blis-1-1(m) >

a6} B addmia b, {))

- gwixes) € e gw | xes - e}

{flx) = g(x) | x: A} {f(x) —g(x) | x:A - true}

Derived Rules
KRR e wre=yn
T Ao
om {m+} ~domm = { }
a.A; b:B
IR prey s gy 3

miB " €y myA -Ts By mgmy o dommy
m
mompd —C

iy A s
S(m={—})

ap A; GZZA; be; m: A —”L-)B
¢ -com-acem- &(ay € domaddmiay — b, m))

G!A; mA SN B
o Sla e domm)
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3 T b:B; n:A = B
8(b & mgm)
5 W A B myA 2B
m 5(companble(m;,m2))
G| pA B

ik "8(is-1-1(m))
] aA; b4 mA B
d((a e domm A b & domm) A ma) = m(b))

: m A T By 51 A-set
iAo B

mA-—— B A-"sB
aA; mA -2 B, ae domm
{a} dm=m
T aA; b:B, mA -2 B
(aY daddma > bony = {a] 4
aitA; a A, BB, mA Z-B, a2 a

{a1} 4addm{as — b,m) = addm{ay — b, {a1} 4m)

m A = B: s A-set

s4mA - B

avA; artA; BB miA == B; a) € domaddm(ay — b, m)

dy =a; v a € domm

aitA; aizA; B mrA "= B
m ay € domaddm(az — b,m); ay € domm

ai=a; vda; e dommady#d

a:A; 0By mA "o B
a € domaddm{a — b,m)

e rm agA; and; b:B; mA -5 B, a; € domm
€ -gom-adame-:-ma
i a € domaddm{a, — b, nt)

e -dom-addm-I-¢lem
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a: 4; Pla)
Vx:A - 8P(x)
x4, Pk f(x):B
A, Pk glx):C
ds:B-set-VyA- P = fO e s
a1, az: A - Play) A Plaz) A flay) = flap) = glay) = glaz)
flaye dom {f(x) — g{x) | x: A - P(x)}

w— a:A; b:B, mA-"B
be mgmt {ar b}

aA, b:B, mA -5 B
b e mgaddm(a — b,m)

@ A; biiB; byB; mA -2 B; by e mgm;, a e domm
m by € mgaddm(a — by, m)

& bB; miA "= B; be mgm
Ja e domm - miay=b

b:B; m:A "+ B, 3a e domm-b=mia)
2
€ mgnt

V
| & -dom-map-comp-I-f(a)|

| e-mg-t-{a— b}-I—elcﬂ

— a:4; mA -2 B; ae domm
& o
—— a:A; mA < B a e domm
(@) € mgm
- - aA
D
b.B
[emetm b — e mg oy

3 : ad; mA -5 B
ae dom({a}ﬁm}

ard; apd; B m:A -5 By ay ¢ domaddm(a; — b, m)
¢ -dom-addm-E
a#d Ad & domm

(A5 apd; b:By miA > B, madd b,
a1A ay A b:B; m:A — B, a; & doma m(a2|-—> m)

aj; & domm

o apiA; ay Ay BB miA - B; ay ¢ domaddm(as — b, m)
& -dom-addm-E-right ara
!
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@ BB A< B, be mgm
- be dom(m™)
a:A; bi:B, by B, m:A -5 B
by & mgaddm(a — by, m); a & domm
by#byAb; & mgm

a:A; biiB;, by:B, mA =B

b ¢ mgaddmia — by, m); a & dom
# tng-adam Eet] =119 ( 2,m); a @ domm
by & mgm

a:A; bi:B; by B, m:A - By by € mgaddm(a — by, m)

¢ -mg-addm-E-right | ———————"— .
5.7 b

_ a:A; mA s B, a¢ domm
:
ag¢ mg(m*)

myA T By my A -2 By oma A 2 B

{ry Timg} T ma = my ¥ (mz § ms)

my: A -5 By mat A =T B, compatible(my, my)
mytm=mtm

mA -9 B
[ o]l

my A B, myA —— B

o : s mg
mTmA ——B

my A - By mpt A - C matA o C; dominy < domanis
dommy < dom{my T ma)

mA =B
mim=m

b:B, mA =+ B, mp {b}# {~}
b@[ngm

b:B, mA "5 B, be mgm
mb (B} = (=]

m:A =5 B; s5:B-set
mbs:A —+ B

-self

p-form

A = B; s:B-set

-fi A
mps:A— B




-

Fans R AESELN ARTEIRAD

mitA = B, miA - B
= domm, < dom (s T ma)

miA - B myA -5 B myA -5 B
compatible{n, my);, compatible(my, ms); compatible(m;, my)

-Q')-HSS
(m1 '@ )} s = my @ (M @ ms)
mytA == B, mpt A = By compatible(my, my)

my W R = f Wy

[ e A
- mA -2+ B
[o-tefn-{—}-right] ey

my A s B mot A - By comparible(my, m2)
my @ A Z5 B

e Wi b:B; mitA " B, myp:A -4 B, a e domm
a i addm{a — b,m)tme=m Tm

@.form

@E@ ad; BB mpA - B, my A 24 By ag dommy
acm e addmia v b,m) T ma = addm{a — b,m; T my)

aA; BB mitA - By mpA - B
compatible(addm{a — b,m), my)

i addm-t-deft-compatible !

@A B mA =3 B; ae domm; m(a)=b

addm--ident addm(a— b,m) =m

@A B, mA =B

mi{a— b} = addmia — b,m)
@A BB A B
addm(a v b,m) = addm{a — b, {a} 4m)

a:d; mA 2 B ae domm
m = addm(a — m(a), {a} 4m)

@A BB, mA s B; a¢ domm, be mgm

addm(a > b,m): A <™ B
@A BB, mA B
T {am bD@ =5

addm(a — b,m)} T m = addmi{a — b, (m; T m2))

fea¥ oy
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ai:A;, B aA; mA "o B; gz € domm;, @y
(mt {a1 = b}}az) = miaz)

a:A; BB mpA T By ma:A -2 B

(e T addmia v b,m) ey = b

aA; myA -+ B; myuA =2 B; ae dommy, a€ dommy
at-defn-{-left
(rmy T mza@) = mila)

at-defn ight ﬂ::i; )321::‘ ”B; mz!/’i s ae dommz
- .T_ng —+ B
(rm T m)a) = my(a)

a.A; P{a)
Vx: A 8P(x)
XA, Py fx):B
xA, Pk glx):C
Is:B-set - Vy:4 .- POY) = f(y)e s
Va, ax A - Play) n Plag) aflay) = flap) =5 glay) = glap)
{F(x) = g0 | x: A - PO)}(f(a)) = g(a)

at-defn-map-comp-f(a} ]

@A, s:A-set; gae §
XA xe st f(xkB

{x - f) | xe sia) =f(a)

@A mA 2B a6 domm
—

] at-defn-map-comp-lefi-set 1

a:A; mid *2 B ae domm
at-iorm-pimaj
s mia): B

. ap:A; apd; med <2 By ay e domm; as € domm miay) = miay)
bimap-1-1 4 =g
y =3y

- avA; gz Ay mA 2o B, a; € domm; ap € domm; @) # @
bimap-1-1-—
mia) » m{az)

, mA < B

— mA -2 B; is-1-1(m)
i
my: A «— B, P~}
a:A, b:B, m:A «—— B, |——bP(addm(as—~> b,m))

P(m), a ¢ dompm, be mgm
: Plrmo)
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- mA+—B
[bimap-supertype] -~ o

@ A; mA " B, ge domm
A b B-b=mla)

I bimap-uniquc—mg-elcm—!

mytA —"-l‘“iB; A SN B; matA 4 B
compatible(m,my), compatible(rmy,
_compalib[e—T~I-lch i il -m3) Oin patible(my: 1)
compatible(n T ma, my)
mI:A LB; mz:A LB, m3:A —m“‘)B
compatible(my, my); compaiible(m,,
[compatible T-T-right| ~220 s, m); compatible(rm, my)
compatible(m;, my T ms)

aA; b:By mpA 28 By myA - B
a & dommy; compatible{addmia — b,my), m;)

| compatible-addm-E-left-¢ | compatbIeGm )
1,2

@A BB mp A -2 B myA 5B
e dommy; compatible(addm(a v+ b, my), my)

a
fcompauble,addm-E-rigm] @) =F
2 =

. my:A 2o B my: A T By compatible(my, m2)
compatible-comm ;
compatible{ma, m;)

mA "B
compatible({—},m)

‘ compatible-defn- { l—»}-lcﬁ]

mA 2B
compatible(m, [—})

| compatible-defn-{— }—rightl

PR mi:A 2o By my: A T B; compatible(my, nz)
Ya e dommy mydomm - ma) = ralad
miA 2B oA B

- Ya e dommy N dompy - m(a) = m{a)
-
compatible(m;, my)
= ()
domm = { }
mA -"a B; 5 A-set
o deI  dom (5 4 m) = domm \ §

m.A — B; domm#{}
LA

2l
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adA; biB; mpiA T B, mA 2B

Mnd =
dom-addm-r-E-left domaddm(a -+ b,m) omr { }

dompm Mdommg = { }

@A B m:A - B muA "B
domaddm{a + b,m) ndomm; = { }
a ¢ dommy

m;:A --m—>B, mg:A -—m—i'B
—Z i dom (T my) = domery L doman

l dom-addm-m-E-rightJ

(A BBy miA T B
o deinadine| 2 BB A v B; a e domm

domaddmia v+ b,m) = domm

mA —— B
dom{m™) = mgm

s:A-set
xA, xe sk fo)B
dom-defin-map-comp-left-set| ~5 e

Vx:A - 8P(x)
A, P fG):B
A, PO gx):C
Js:B-set- Yy A- Py = f(y) e s
Vay, aa: A - Pla) A Plag) A flar) = flae) = glan) = glaz)
3n:Cset-Va:A-Pla) = gla)s t

[ dom-finite=>mp-finitc|

mA 5B
domm: A-set

mA s B

dom-form-bimap |~ eat

@A b:B: ntA — B
is-1-1¢mt {a =~ b}); a e domm
be mngm

1 is-1-1-1-{a — b}-E-¢ -rng[

aA; b:B; mA - B
is-1-YHaddm(a — b,m)); a ¢ domm
is-1-1(m)

] is-1-1-addm-E-¢ -map!
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@A BB, mA - B

[is-1-1-addm-E-¢ -mg| ’S'l‘l(addm(ﬂé': i,gr:?z)‘, ae domm

A 2B is-1-
vxyem — i5-1 l(m)

domm m(x) =m{y} => x=y

mA 25 B
- Vx,y € domm - m(x) =m(y) = x =y
is-1-1(m)
5:A > B
[map-testend-dom eft] e
$:A "B
{ map-|-extend-dom-right | B e
e SAHE
5:A = (C|B)
s:A =B
| map-+extend-mg-right| 54 T B1C)
VA 8P(x)

XA, Pk fx):B
ds:A-set- Vy:A-P(y) = ye s

Frf@ 1A PO}A 25 B

5 A-set
x:A xe sk B
—fx)|xeshA-"y B

mapcomp—form-leﬂ—set\ e

5. A-set
BARfGeB
XA xeskgx):C
Va,a € 5 fla) =f(a2) = gla) = glas)
=gy ixeshB = C

map-comp-form-set-ident [

a: A; 5. A-set; flayB
xA, xe sk f)B
Lmap-comp-lcft-defn-add! o707 e add@ ) =

{xe finixe st {aw fla)}

5: (A = B)-set

Yy, my € §- compatible(my, my)
L
merge s: A — B
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= mA -2 B
tngm = {m(a}| a € domm}

ey @A, B mA - B
[@ g addm(a — b,m) = add(b, mg{{a} ¢m))

a:A; b:B; mA -5 B; ae domm

ingaddmia — b, m} = add(b, mg({a} {m))

o mA <2 B
mg(m“l)zdomm

Vx:A- 8P(x)
x: A, Px) & fx):B
XA, POL ganC
3s:B-set - Vy:A - P(y) = fO) e 5

Vai, a: A Pla) A P(a) Af(m) = fla) = g(a) = glaz)
rag {F(x) ++ g(x) | x: A P(x}} = {g(x) | : A - P(x)}

mA B
& tngm: B-set
mA 2 B

mg-form-bimap |~ Bset

14.7 Finite sequences

Axioms

[C-form | e A

a:A; s AT

CONS-form-geq+ § ————mree Ax
cons(a,s): AT

s:A* P
A, 0 A, P() b, Plcons(h, 1))

55 ~

hd-defn-cons -—m~—-~w--—a:A; s:A” Ax
hdcons{a, s) = a
a4, s A"
tl-defn-cons | —————— AX

ficons(a, 8} =5
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= A
-defn-[ }-leftj ——=—— Ax
[17s=ys
= aA; 5pA% s AY
-defn-cons-left - ! z oy Ax

cons(a, 51)" s =cons{a, 51 S2)

el s(1)=hds '

s AY LN P21 i<lens
s = ((Ls‘)(i— I) Ax

Definitions

A* def <A s#[]1>

fal gef cons{a, [ 1)

lens def if s =[] thenO else succ(len{ils))

elems s def ifs=1] then {} else add(hds,elems (t5))
det . -
concs = its=1[] then[] efse (hds) ~ conc(tis)

inds s def {L,...,lens}

Derived rules

- 6(s- [})
ay A; arA; s AY s A
cons{a,51) = cons{ay, $2) S a1 =A@ A5 =5

1A% il
=-geq+-defn
bt 51 = 85, <> hds; = hdsy Alls; =152

a:A; B A; 1A% a e elemscons{d, s)

a=hvae elemss

5 AT N ne indss
€ -1T1dS~
nsiens
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aA

& -clems-[]-1 e clemsT] ]

a. A

ae mds{]
SIiAT s At s AT
a

T8 sa=s (82 83)

— - s AT
-defn-[ ]-right ?{]TS

sAY s AT

“-form =
s; s AT

aA
fal ={]

aA
{ayform| w2

s:AY; BNy i <lens
Ll SG)A
{sone-dein{]] =y

. S AT s AT

conc cons(sy, 52} = §¢  CONC 52

5 At‘

cone-form | ——————
[eonc-form | —————

a:A;, s At

cons{a, 5) # [ ]
GZA; s A

fal s = cons(a, 5)

ad; s: A

form | ——f2e Se 2
cons{a,s): A*

5 AY
cons(hd sUs) =5

s At
elemss = {5(i) | i € indss}
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fems-defn-[ ]} ~————r——=
elems-defn-[ ] clems[]= ]
- S A% s AT
elems-defn- =
elems(s; ) =elemss; Uelemss;

Torme-dolncoms a:A; siiAY; s AT
elems- i ORI = =
elems (cons(a, 51) "~ 52) = add(a, elems (57 $2))

a:A; s:A°
elems-defn- elemscons(a, 5) = add(a, elems s)
a:4; s A

elems-defn-cons-{a
elemscons{a, s) = {a} U elemss
5 A*

elems s: A-sel

el form s: A

elems s: A-set
a:A

hd—c[efn-[a] W;—a_

[inds-dofn- 0| ey — 7y

A"

- 5
inds 5: N;-set

len-defn-[ 3 Tenl1=0
(AT s AT
B

len(s; " $2) = lens; +lensy

Ten-defi _.u_,,am'_q__,.m
lenfal =1

a A 5 A"
I len-defn-cons l
tencons(a, §) = succ lens

len-def s A7
-defn-s
lens = succ lentls
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s A
[fon-form ] -y

- A*

b
[fen-form-seq+ | 2=

st A

il ey

s A% s#[]

5 AY
h:A, DA™ b Plcons(h, 1))

seq+-hnf P B

5:AY
a:Ak P(lal)
ki A, £ A%, P(2) b, P(cons(h, 1))

7

At

5 A
SCq+-SL'IpCﬂ}'pB ———“S: A..
st A% P(LD)

a AL P(lal)
s A%, s AY, P(sy), P(so) &, Plsi ™ s2)

oy
seq- i-extend nght A | TATE
AT

51 A"

s=[}vIA-InA* -5 =cons(h, )

aA
[edetotal] 7 =7

+

5IA
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14.8 Booleans

Axioms
Sa
ld @B ™
a:B
830 Sa Ax
asb
o == Ax
a=h
Derived rules
y:A';P(.)'):B

5: A-set
y:A, ye sk Py):B

re s B

-A-form M

{e1 A e2):B

e1:B; e - e2:B

a:B
a=1true v g = false

ab

=3

a:4; bA
[om] =558
yAE P(y):B

$:A-set
»:A ye sk PO):B

e s PO)B

y:AL PO):B
o] w4 Peys



prav)

5: A-set
y:A, ye sk Py:B

¥
@fxe s P)):B
fo a8 e
[efom] =258 (e1 ¢ €2):B

a < b; Pla)

o
[Sform] 22 2B
(1 = e3):B

e1:B; & ex:B

-fi -sqt| —— — — ————
@E (el = 32):53

a4, s:A-set
{ae s1:B

e -form

e1:B; ey FeyB

-form-sqt
viomd (e; v e22: B

§1: A-set; 5p: A-set
(51 c 5220

14 Larediory or 1ncoreins
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[ttse-fom ] g

14.9 Specifications

For each construct definitions and rules are given in terms of a typical example.

14.9.1 Simple type definitions

T =Texp
inve 2 P
Definitions
def

inv-T{e} = Ple)

T 9 < etem | imTe) >

Derived rules

e: Texp; inv-T(e)

e:
L Supertype | Texp

el
inv-T(e)

Obligation
- e:Texp
T
Validation

inhabited(T)

14.9.2 Composite type definitions
Tia:A
b:B
invmk-T(a, ) £ Pla,b)
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Definition
inv-T(a,b) & Pla,b)
Axioms
x A, vi By inv-T(x,y) Ax

mk-T(x, vy T
T
SazA X
nT
b-form —r——b—B— Ax

mk-T(x,yi: T
mik-T(x,y).a=x Ax

mi-T(x, v T
mic-T, vy b=y Ax

T
Sk Ta =1 A

mk-T(x,y». T

T s

Ax

Obligation
- XA, B

Validation

inhabited(T)

14.9.3 The state

state S of
a: A
b B

invmk-S{a,b) & Plab)
init mk-Sa, b) & Oa. b
end

The same definitions and rules that appear for composite types apply to the state and the
invariant, together with a definition and obligations for the initialisation condition.
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Definition

inir-S¢s) E 0(s.a,5.6)

(Note that uniike inv-S which is defined on the components of the state, iniz-S is treated
as a predicate in the whole state type §.)

QObligations
_ 55
init-S(s):B

14.9.4 Functions

Explicit function definitions

fiAxB>C

flaby & Eab)

pre P(a, b)
Definition

pre-fa.b) % Pa,b)

Obligation

[presfom] -S4 B8
pre-f{a, b):B

If a parameter of f is not mentioned in the precondition expression, the definition takes
fewer parameters.
Axiom

a.A; BB, E(a,by.C, pre-f(a,b)
F@.b) = Ea.b) Ax

If a parameter is not mentioned, it is still necessary to keep the typing hypothesis for that
argument.
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Obligation

a:A; b:B; pre-fla,b)
v} Ea,5):C

Working rule (for use once the obligation has been discharged)

aA; biB; pre-fla,b)
fla,b) = Ela,b)

Tnplicit function definitions

flaAbB) e C

pre Pria,b)

post Pola, b, ¢)
Definitions

prefah) € Pria,b)

post-fla, b, ) def Po{a,b,c)

If a parameter is not mentioned, the definitions take fewer parameters.

Axioms

a:A; b B; pre-fla, by, 3c:C - post-fla, b, c}
{f—form_f_)_} F@b).C Ax

a:A; b:B; pre-f(a,b); 3e:C - postf(a, b, c)
] post . 1) "

Obligations
[preom] — ot
pre-f(a, b):8
a:A; b B, ¢:C; pre-f(a,b)
post-f(a, b, ¢):B

a: A, b:B; pre-f(a,b)
Je: C - post~f(a, b, c)
Working rules (for use once the proof obligations have been discharged)

a:A; b B; pre-fla, b)
[@I fla, by C
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a:A; b B, pre-f(a,b)
posif(a b f(a,B)

14.9.5 Value expressions
wl & E

Axiom

E:T

e

Obligation

-
Working rule (for use once the proof obligation has been discharged)

14.9.6 Operations

The definitions and obligation for operations are given for the following state model and
implicit operation:

state X of OP (i:1)0: 0
r :+ R ext dr : R
w W wrw @ W
u U pre Prii,r,w)

inv mk-Z(r, w, 1) post Po(i,0,r, W ,w)

A
init mk-I(nw,u) L
end

Definitions

pre-OP(i,r,w) def Pri,rw)

post-0PGi,0,1,%,w) & Poli,0, %, w)
Ohbligation
il mk-Z(F, W, UL, pre-OPG,F, W)

Jo: O, mk-Z(y, w,u): £

post-OP(i,o,, W, W) A r=F Au=tf
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14,10 Reifications

Rules are given in terms of a typical example:

Abstract state Concrete state

state 5, of state 5. of

s 1 Rs r. 1 R,

w, : W, we : W,

Uy 1+ Uy u, : U,
NV 779k-Sala, Wa, the) £ iRVa(Fa, Wa, tha) inv mk-Sc{re, we, o) 2 inv(re, we, Us)
Nt 1k-Sol(Fa, Way tha) 2 inity(Fa, Was ta) init mk-So(re, we, the} D inito(re, we, )
end end

Although the two states have corresponding components, this does not imply that retrieval
is component-wise.

14.10.1 Retrieve functions

Retrievat is defined between the whole states S, and S,.

retr-S 18, — S,
retr-S(s.:80) £ body-expression

Definitions, axioms and obligations for explicit functions apply (Section 14.9.4). Totality
is formalised by the lack of a precondition.

Chligations

2t Sa
EET o

Sai San Set Se
Sa = retr-S(s.)

TS5

14.10.2 Operation modelling

Abstract operation Concrete operation
OP, (a: AT OP. (AT
ext idr, : R, ext dr, : R,
wrw, @ W, wrw, @ W,
pre Po(a,r., w,a) pre P.(a,re, w.)
post 2.(a, 1, 1y, Wa, Wa) post Q.(a, t, r., We, we)

Operations have corresponding names and the same argument and result types.
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Obligations

aA; s.:8:; 545,
$, = retr-8(s.)

pre-OP,(a, 5,.7,,5..W,)
pre-OP (@, Se.7e, S0.We )
ad, nT
Sat Say SetSe; 8o = retr-8(s.)
52080 Sc:Se Sa = rer-S(5)
pre-OP.(a, S, Fa, Sa Wa)
post-OP{a,t,5c.7., 5. We, Se.We)
A Sede = Sode A Sodly = Sp g
Post-OP.(a, 1, Sa.la, S5 Wa, Sa.Wa)
A Sata = SaFa A Sally = 53 .l

OP-res-0bl

14.10.3 Implementing functions

Implicit function Explicit function
fitatAy R fi:A>SR
pre Pi(a) flay & ha)
post Qi(a, r) pre P.(a)

The definitions, axioms and obligations for implicit and explicit functions apply (Sec-
tion 14.9.4), in addition to the obligations listed below.

Obligations
a:A; pre-fila)
a:4; pre-fi{a)

14.11 Case study I: abstract specification

Axioms
cs: Controller-set; con: Space += Controller
cap: Space =+ N; loc: Aircraft ~=+ Space
T — inv-ATC(cs, con, cap, loc) Ax

mik-ATC(cs, con, cap,loc). ATC

C:ATC
_ATC- - A
ik-ATC-defn mk-ATC{o .onduty, © .control, o capacity, G location) = ¢ *
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mk-ATC(cs, con, cap,loc). ATC
inv-ATC(cs, con, cap, loc)

mk-ATC{cs, con, cap, loc): ATC
mk-ATC(cs, con, cap, loc).capacity = cap

capacity-defn

G ATC

iry-form ; Ax
o .capacity: Space —s N

mk-ATC(cs, con, cap, loc): ATC

3 A
mk-ATC{cs, con, cap, loc).control = con X
oo A
Comror O "5 control: Space <2 Controller ™

mk-ATC(cs, con, cap, locy ATC
tcs, con, cap, loc) ax

mk-ATC(cs, con, cap, loc) location = loc

o ATC A
o Jocation: Aircraft — Space *

location-form

S mk-ATC(cs, con, cap, loc): ATC
mk-ATCcs, con, cap, loc).onduty = ¢s

c:ATC

o .onduty: Controller-set Ax

prAircraft; o:ATC, pre-controllerGf(p, o)
(o.control{o location(p))y: Controller
controllerQOf (p, o) = o.control(G location(p)) Ax

PPN s:8Space; ¢:ATC, (s e dom{c.control)):B A
- -(eln 3 7 X
i-achvate ® T istactivared(s, o) = (s € dom{o control))

. p:Aircraft, 6:ATC; (p e dom(c.location)): B
is-knownip, ) = (p € dom(c.location)) Ax
5:8pace; loc: Aircraft — Space

- card {dom (Joc P {s}):N
numOfAircrafi(s, loc) = card (dom {loc) {5})) Ax

Definitions

inv-ATC{cs, con, cap, loc) def mgeon C cs Adomeon & domeap A
ingloc ¢ domcon A Vs & mgloc - numQfAircrafi(s, loc) £ cap(s)

init-ATC{o) def o.onduty = { } A 0.capacity = {—}
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pre-Activate(s, s, con, cap) def s e (domceap \ domcon) A hg con #cs
N def
pre-Commission(s,cap) = s ¢ domcap
def

pre-controllerOf(p, o) = is-known(p, G}

pre-Decommission(s, con, cap) def s e (domeap \ domcon)

[«

pre-ResetCapacity(s, n, cap, loc) def s € domedp A numQfAircrafi(s,locy < n

. e def A —
post-Activate(s, ¢, Coh,con}) = ¢ € CSACE MYCOR A con=cont {s — ¢}

post-Commission(s, n, Cap, cap) def cap=capt {s v n}

post-Decommission(s, cap, cap) gef cap = {s} 4cap

post-ResetCapacity(s, n, cap, cap) def cap = cap 1 {s — n}

Proof obligations

s:8Space; nm:N; cs: Controller-set
con: Space «= Controller; cap: Space ~~» N
loc: Aircraft = Space; inv-ATCcs, con, £ap, loc)

__ pre-Commission(s, cap)
Jeap: Space -~ N -

post-Commission(s, n, cap, cap} A inv-ATC(cs, con, cap, loc)

p:Aircraft, 0:ATC, pre-controllerOf (p, o)
controllerOf (p, &): Controller

—— o ATC

F0: ATC - init-ATC(0)

cs: Controller-set; con: Space «s Controller

cap: Space -2 N, loc: Aircraft = Space
o St

inv-ATC{cs, con, cap, loc): B

s:Space, ¢ ATC
a

is-activated(s, c): B
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p:Aireraft; ¢ ATC

.
M is-known(p, ¢): B

Ofireraftform] = Space; loc: Aircraft — Space
numQfAircrafi(s, loc):N

s: 8Space; m:N; cs: Controller-set
con: Space += Controller; cap: Space — N
cap: Space = N; loc: Aircraft —— Space
inv-ATC(cs, con, cap, loc); pre-Commission(s, tap)
post-Commission(s, n, cap, cap): B

post-Commission-form |

s:Space; m:N; cs: Controller-set
con: Space +— Controller; cap: Space =+ N
cap: Space =+ N; loc: Aircraft -2 Space
inv-ATC(cs, con, cap, loc)
pre-ReseiCapacity(s, n, cap, loc)
post-ResetCapacity(s, n, ¢ap, cap): B

post-ResetCapacity-form |

s:8pace, n:N; cs: Controller-set
. con: Space <~ Controller, cap:Space -~ N
loc: Aircraft —— Space; inv-ATC(cs, con, cap, loc)
pre-Commission(s, cap): B

] pre-Commissfon-form]

b Aireraft; o ATC
pre-controllerOf(p, o). B

| pre-controllerGf -form ]

s:Space, N, cs: Controller-set
con: Space —— Controller, cap:Space =5 N
loc: Aircraft -+ Space; inv-ATC(cs, con, cap, loc)
pre-ResetCapacity(s, n, cap, loc): B

pre-ResetCapacity-form ]

s:Space;, m:WN; c¢s: Controller-set
con: Space s Controller, cap: Space = N
loc: Aircraft -T Space; inv-ATC(cs, con, tap, loc)
pre-ResetCapacity(s, n, cap, loc)

3cap: Space —+N -

post-ReserCapacity(s, n, cap, cap)  inv-ATC(cs, con, cap, loc)
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Validation conditions

s: Space; c¢: Controller

mk-ATC{cs, Con, cap, loc): ATC; mk-ATC(cs, con, cap, loc): ATC

pre-Activate(s, s, Con, cap); post-Activate(s, ¢, con, con)

=
c € {cs\ mgcon)

p: Alreraft, ©:ATC; is-known{p, &)
3! ¢: Controller - ¢ = controllerOf (p, ©)

| aircraft-conteoller-unique |

p:Aircraft, ¢ ATC; is-known(p, o)
At s: Space - s = ¢ .location(p)

l aircraft-in-unique-space |

§:Space; ¢:ATC; is-activated(s, G)
St ¢: Controller - ¢ = .control(s)

p: Aircraft, 0:ATC, is-known(p, G)
controlierOf (p, 0) € ©.onduty

[airspace-conuoilcr—uniqlﬂ

5: Space, mk-ATC{cs, con, cap, loc); ATC: s € mgloc
—pre-Decommission(s, con, cap)

[ Decommission-lemma |

si: Space; s2: Space; o: ATC; is-activated(s), G)
is-activated(s,, G); O.control(s1} = ¢ .control(sa)
S} = 53

W-dnuble—assignmenq

5:Space; ¢:ATC;, — (is-activated(s, 6))
numOfAircrafi(s, 0.docation) = 0

[ not activated = empty |

Useful lemmas

5:Space; ¢: ATC, —(is-activared(s, o
2 ! .29

s ¢ dom {0 .controf)

mk-ATC(cs, con, cap, loc): ATC

capacity-form-mk cap: Space N

mk-ATC(cs, con,cap, loc). ATC
controllomy; con: Space - Controller

prAircraft, ¢, ATC; is-known(p, G}
controllerOQf(p, 6) = o.control(c Jocation(p))

T pidircraft, 6:ATC; pre-controllerOf (p, 0)
(o control(o location(p))). Controller

201
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cs: Controller-set, con: Space «+ Controller
cap: Space — N; loc: Aircraft = Space
inv-ATC(cs, con, cap, loc)

inv-ATC-E-clausel
FRgCcon C CS

¢s: Controller-set; con: Space += Controller
cap: Space — N; loc: Aircraft = Space

inv-AT{ , CON, cap, loc
inv-ATC-E-clanses inv-ATC(cs, con, cap, loc)
domeon ¢ domceap

cs: Controller-set; con: Space «—— Controller
cap: Space —— N, loc: Aircraft = Space

inv-ATC(cs, con, cap, loc
inv-ATC-E-clause3 kd (cs, con, cap, loc)
mgloc C domeon

cs: Controller-set; con: Space «~s Controller
cap: Space -5 N; loc: Aircraft = Space
inv-ATC(cs, con, cap, loc)

.
W ¥s e mgloc - numOfiircrafi(s, loc) < cap(s)

. o ATC
inv-ATC-I-clausel
g o.control & G.onduty
G ATC

inv-ATC-1-clanse3 .
rng ¢ .location & dom & .control

mk-ATC(cs, con, cap, loc): ATC
mgeon ¢ CS

Finy-ATC-I-mk-clausel |

mk-ATC{cs, con, cap, loc): ATC
domcon < domcap

[inv-ATC-I-mk-clause2 |

mk-ATC(cs, con, cap, loc): ATC
rngloc ¢ domeon

[inv-ATC-T-mk-clanse3 |

mk-ATC(cs, con, cap, loc): ATC
ng loc - numQfAircrafi(s, loc) < cap(s)

{inv-ATC-T-mk-clause4 | VicT

es: Controlier-set; con: Space «— Controller
cap: Space = N; loc: Aircraft ~™ Space
rngcon < ¢5; domeon < domceap;, mgloc © domeon

. i <
@@ Y's € mgloc - numOfAircrafi(s, loc) < cap(s)

inv-ATC(cs, con, cap, loc)

m s:Space, 6. ATC
actvaies is-activated(s, ¢) = (s & dom o .control)
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s:Space, 6.ATC; is-activated(s, ¢
" .2)

s & dom{o.control)

e s:Space; 0:ATC; 5 € dom(c.control)
is-activated-1 n ;
is-activated(s, o)

: ce;, G:A
ispace, 01 ATC

(s € dom{c .control)::B

p: Aireraft; 0. ATC

is-known(p, o) = {p € dom (& .location))

p: Aircraft; 0:ATC; is-known(p, G)

p € dom{o.location)

' p:Aircraft, o:ATC
(r € dom{c.location)): B

mk-ATC(cs, con, cap, loc): ATC
loc: Aircraft = Space

. s:8pace, loc: Aircraft = Space
numQfAircraft(s, locy = card (dom(loc D {s}))
, s:Space; loc: Aircraft "+ Space
card (dom(foc P {s}):N
mk-ATC(cs, con, cap, loc): ATC
cs: Controller-set

location-form-mk

14.12 Case study II: refinement

Axioms
¢s: Controller-set; con: Space «~ Controlier
cap: Space =4 N; ass: AssigMap
inv-ATC{cs, con, cap, ass)
mk-ATC\(cs, con, cap, ass): ATCy Ax

. ATC,
mk-ATCi(C .onduty,, 0.controly, O.capacity,, G .assigs)) = o

[inv-ATC, 1] mk-ATCy(cs, con, eap, ass): ATC)
inv-ATC)- inv-ATC(cs, con, cap, ass)

Ax

333
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mk-ATC(cs, con, cap, assy: ATCy

5y -def; " — A
mk-ATC (¢S, con, cap, 05s).assigs) = ass X
o A
asngs o.assigs,: AssigMap
mk-ATC\(cs, con, cap, ass): ATC, Ax

AN O k-AT Cy (cs, con, cap, ass).capacity, = cap
— o ATC Ax
o .capacity: Space —— N
mk-ATC:{cs, con, cap, ass): ATC, A
rOly - n
o mk-ATC1 (Cs, con, cap, ass).control; = con '

G ATC;

A
_ G.contraly: Space «= Controller

mk-ATCy(cs, con, cap, ass): ATCy
mk-ATCy{cs, con, cap, ass).onduty;y = cs Ax
T ol
oneuin o.ondutyy: Controller-set x

: 5:A™ (s =[] wv hds & elemsils A nonRping(tis)): B
!@J nonRping(s) = (s ={] v hds ¢ elems tis A nonRptng(ils)) Ax

ass: AssigMap
U{elemsg | g € mgass}: Aircraft-set

knownAircraft(ass) = | }{elems g | g € mgass}

p: Aircraft; ass: AssigMap;, pre-locOf{p, ass)
(15 & domass - p e elemsass(s)): Space
locOf(p, ass) = 15 € domass - p € elemsass(s) Ax
ass: AssigMap
{p > locOf(p, ass) |

exm,c(asf)i knownAircraft(ass)}: Aircraft — Space Ax
{p = locOf(p, ass) | p e knownAircraft{ass)}

G: ATC;
(mk-ATC(c .onduty,, ¢ controly,

o .capacityy, extrLoe( o .assigs; ))): ATC A
T | etry () = mE-ATC(O ondutyr, O-.control, *
o.capacitys, extrLoc(G .assigs;))
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5: Aircrafi-set; Jq: AircraftQueue - elemsg = 5
il -defi ;
buildQuene-defng elems buildQuene(s) = s Ax

- s:Aircraft-set; 3q. AircraftQueune - elemsg =5
buildQueue-fortno buildQueue(s): AircraftQueue Ax

loc: Aircraft = Space
{8 = buildQueue(dom{loc b {s})) | s € mgloc): AssigMap A
e R extrAss(loc) = {s — buildQueue(dom(loc b {s1)) | s € mgloc)

Definitions

inv-ATC\(cs, con, cap, ass) def mg con ¢ ¢s Adomeen & domeap A

domass = domcon A Vs € domass - lenass(s) < cap(s)

initATC:(0) & o ondutyy = {} n 0.capacisy = (-}

AssighMap def & m: Space 2, AlrcraftQueue | inv-AssigMap(m) >

inv-AssigMap(m) def V51,52 € domass -85 2 852 =
elems ass(si} M elems ass(sy) = { }

AircraftQuene & < s Aircraft® | inv-AircrafiQuene(s) >

inv-AireraftQueue(s) def nonRptng(s)

pre-locOf(p, ass) def p € knownAircraft{ass)

post-buildQueue(s, ¢) et elemsg=¢

pre-AddFlight\(p, s, con, cap, ass) def 5 & domcon Ap & knownAircraft(ass) n
len ass(s) < cap{s}

post-AddFlight; (p, s, 55, ass) 22 ass = 855 1 {s — 853(5) ™ [p])

Proof obligations

p: Aircraft, s.Space
mk-ATC(cs, con, cap, loc): ATC
mk-ATC{csy, cony, capy, assy. ATC,
mk-ATC(cs, can, cap, loc) = retr|(mk-ATC\{(cs1, com, capr, ass)}

; pre-AddFlight(p, s, con, cap, loc)
pre-AddFlighti (p, 5, com, capy, ass)
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p:Aircraft; 5:Space
mk-ATC{cs, con, cap, loc): ATC
mk-ATCy(csy, cony, capy, a‘?&): ATC,
mk-ATC(cs, con, cap, loc) = retr| (mk-ATCy(¢sy, cony, capy, ass))
mk-ATC{cs, con, cap, loc): ATC
mk-ATC1(cs5y, cony, capy, ass): ATCy
mk-ATC{cs, con, cap, loc) = retry (mk-ATC(cs1, cony, capy, ass))
pre-AddFlight(p, s, con, cap, loc); post-AddFlight,(p, s, 353, ass)

post-AddFlight(p, s, loe, loc)

p: Aircraft, s: Space; cs: Controller-set
con: Space <=~ Controller; cap: Space -+ N
ass: AssigMap; inv-ATC,(cs, con, cap, @ss)
pre-AddFlight\(p, 5, con, cap, ass)

Jass: AssigMap-

post-AddFlight{p, 5, @55, ass) A inv-ATC(cs, con, cap, ass)
- 5. Aircraft-set
dq: AircrafiQuene - post-buildQueue(s, q)

loc: Aircraft — Space
)

extrAss(loc): AssigMap

ass: AssigMap

-
extrLoc(ass): Aircraft — Space

AT N L AT M o 3 init-AT
[fmie-ATCy-adeq) o ATC, o Cling-A ;z‘t{;()m) init-ATC1 (o)

G ATC
init- i [ P oS-,
it TGO | AT G (6)- B

q5. ATC, - init-ATC1(0)
- . wm: Space = AircraftQueue
inv-AssigMap(m): B

cs: Controller-set; com: Space <= Controller

. cap: Space —— N, ass: AssigMap
inv-ATCy{cs, con, cap, ass):. B

——— s: Aircraft
Hv-{in =10rm r3 ]
4 inv-AircraftQueue(s). B
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- ass: Assighap
knowndircraft-form knownAircraft(ass): Aircraft-set

piAircraft, ass: AssigMap; pre-locOf(p, ass)
locOf(p, ass): Space

s A*

MR g-FOrm |~
nonRptng(s). B

prAircraft, 5:Space;, cs: Controller-set
con: Space «— Controller; cap: Space =+ N
ass: AssigMap; ass: AssigMap
inv-ATC(cs, con, cap, G55); pre-AddFlighty(p, s, con, cap, ass)
post-AddFlight, (p, 5,55, ass): B

I post-AddFlight-form|

5: Aircraft-set; q: AircraftQuene
post-buildQueue(s,q): B

l;m-bui[d@ueue-ﬁﬂl

p:Aircraft, s:Space; cs:Controller-set
con; Space - Controller; cap: Space Z> N

- ass: AssigMap; inv-ATC(cs, con, cap, ass)
pre-AddFlight(p, s, con, cap, ass): B
p-Aircraft, ass: AssigMap
pre-locOf(p, ass):B

o ATC

J0y: ATC, - retri (o) = ©
try - mm%
{rer form] retr(0): ATC

Useful lemmas

i .
[ 1: AircraftQueue
p:Aireraft, ass: AssigMap; p € knownAircraft(ass)
Jdg e mgass - p e elemsg
Al ; 1 Assi ; k ]
prAlrcraft, ass: AssigMap; p & knownAircraft(ass)
Vgqe mgass-p & elemsq
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p:Aircraft, s:Space
mk-ATC(cs, con, cap, extrLoc(ass)): ATC
mk-ATC1(cs, con, cap, ass): ATC;
pre-AddFlight(p, s, con, cap, extrLoc{ass))
pre-AddFlight, (p, 5, con, cap, ass)

AddFligh-dom-obl-simp |

p: Aircraft, s:Space
mk-ATC(cs, con, cap, extrLoc(d5s)): ATC
mik-ATC{cs, con, cap, ass): ATC,
mk-ATC(cs, con, cap, extrLoc(ass)): ATC
mk-ATC(cs, con, cap, assy. ATCy
pre-AddElight(p, s, con, cap, extrLoc{ass))
post-AddFlighti(p, 5, 355, ass)
post-AddFlight(p, s, extrLoc(ass), extrLoc(ass))

[AddFlight-res-obl-simp)|

| p:Aircraft, ass:AssigMap, p € knownAircrafi(ass)

aircraft-in-unique-space;
| que-space: 3fs'c domass - p € elemsass(s)

p: Aircraft; s:Space; ass: AssigMop

yPerTTre— p & knownAircrafi(ass);, s € domass
ass 1 {s — ass(s)” [pl}: AssigMap

7 - ass: AssigMap
A SODSDT | ass: Space o AircraftQuene

- ni: Space —— AircraftQueue; inv-Assighfap(m)
AssigMap-form .

m: AssigMap

- mk-ATCy(cs, con, cap, ass): ATC,

assigs;-form-mk :
ass: AssigMap

o S s: Alrcraft-set
- £} 3
uildQueue-de elems buildQueue(s) = s

i ; §: Aircraft-set
buildQueue(s): AircraftQueue
mk-ATC (cs, con, cap, ass): ATCy

ity,-form-mk
capacity,-form-m cap: Space N
a Aircraft, q: AircraftQuene; a ¢ elemsq
-
cons{a, q): AircrafiQueue

mk-ATC(cs, con, cap, ass): ATC,

trofy -form-mk
con: Space +— Controller
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loc: Aircraft — Space
dom-extrAss-defn ft — 5p

domextrAss(loc) = mgloc

ass.AssigMap
dom-extrLoc-def ;
e  dom extrLoc(ass) = knownAircraft(ass)

- ass: Assighap
dom-form-Assighap |~ omass: Space-set

a: Aireraft, q: AircraftQueue
elems cons{a, q) = add{a, elems g)

ielems-defn-cons«queuej

q: AircraftQueue
clems q: Aircraft-set

elems-form-quene

loc: Aircraft -2 Space

f Ass-extrLoc-1
extrAss-extrLoc-inyerse loc = extrLoclextrAss(loc))

p: Aircraft, s:Space; ass: AssigMap

E p & knownAircrafi(ass);, s € domass
e exarLoclass T (s v ass(s)  [p1}) = extrLoc(ass) T {p = §)

@ aSS:ASSigMap
il extrLoc(ass) = {p v locOf(p,ass) | p e knownAircrafi(ass)}

ass. AssigMap

{p v locOf(p, ass} | p € knownAlrcraft(ass)}: Aircraft —— Space

m ass: AssigMap
inv-AssigMap(ass)

inv-ATC| -I-clausel o2 AT
Av-Alc- g o.control] C O .onduty,
o ATC,

inv-ATC1~1- 2 T
ny-ATCy-L-clause dem o.control] c dom O .capacity

o ATC

inv-ATC;-I-clause3 ;
dom ¢.assigs; = dom ¢ .control;

GIATCl

Vs e dom o.assigs; - len(c.assigsy){(s) € (G.capacity|)(s)

mk-ATC (¢s, con, cap, ass): ATCy
domass = domcon

linv-ATC; -I-mk-clause3

339
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cs: Controller-set; com: Space +=— Controller
cap: Space — N, ass: AssigMap
rng con ¢ cs; domcon C domceap, domass = domceon
Vs € domass - lenass(s) < cap(s)

iny- -1- arate T
iny-ATCy-1-sopara inv-ATC\(cs, con, cap, ass)

p:Alrcraft, s:Space; ass: AssigMap
p ¢ knownAircrafi{ass); s € domass
knownAircrafi{ass 1 {s — ass{s)” Ipl}) =
add(p, knownAircraft(ass))

r— o ass: AssigMap

knownAircraft(ass) = U{elemsg | ¢ € mgass}
n ass: AssigMap

Ufetems g | g € rgass}: Aircraft-set

prAircraft, s:Space; ass: AssigMap
T p e knowrAircrafi(ass); s € domass
locOf(p,ass T {5+~ ass(s) " [p1N) =5

p:Aireraft, s:Space; ass: AssigMap
a Aircraft; p € knownAircraft(ass)

O s € domass; a < knownAircrafi(ass)
locOf(a, ass T {s — ass(s)” Ipl)) = locOf(a, ass)

prAircraft; ass: AssigMap; pre-locOf(p, ass)

locOf(p,ass) =15 € domass - p e elemsass(s)

| knownAircraft-t-lemma |

p:Aircraft, ass: AssigMap; pre-locOf(p, ass)

(ts e domass - p € elemsass(s)): Space

5:4°

nonRping(s) = {s={] v hds & elemslis A nonRptng(tis))

5 A
(s=[}vhds g elemstis A nonRptgls)):B

s:Space, ass: AssigMap; s € domass
numQfAircrafi(s, exirLoc(ass)) = lenass(s)

{nuamOfAircrafi-elm-defn |

mk-ATC\ (cs, con, cap, assy: ATC,

¢s: Controller-set
- mk-ATC{cs, con, cap, loc): ATC
Hass: AssigMap -

inv-ATC1{cs, con, cap, ass) A loc = extrLoc(ass)
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mk'ATC(CS, con, cap, IOC)'. ATC
rel1-asea 30q: ATCy - retry(6q) = mk-ATC(cs, con, cap, loc)

e
: retri(6) =

mk-ATC(c onduty,, ¢.controly, 6 .capacity,, extrLoc{c.assigs))

mk-ATCy(cs, con, cap, ass). ATC
O ratr (mk-ATC(cs, con, cap, ass)) =
mk-ATC(cs, con, cap, extrLoc(ass))

mk-ATC(cs, con, cap, locy: ATC
mk-ATC\{c51, cony, capy, assy: ATC,

mk-ATC(cs, con, cap, loc) :ar;rr; (rcnakp-ATC; (cs1, com, cap, ass))
1 —

mk-ATC{cs, con, cap, loc): ATC
mk-ATCi(cs1, cony, capy, assy: ATCy

mk-ATC(cs, con, cap, = retr -ATC (51, s s
(cs, con, cap, loc) = retr)(imk-ATC\(cs1, cory, cap, ass))
con = con

mk-ATC(cs, con, cap, loc). ATC
mk-ATC{csy, cony, capy, ass)y: ATC

mk-ATC(cs, con, cap, loc) = retry(mk-ATC\(c51, com, cap, ass))
extrlLoc(ass) = loc

mk-ATC{cs, con, cap, loc): ATC
mk-ATCi(csy, cony, cap, assy: ATCy

mk-ATC(cs, con, cap, loc) = retry(mk-ATC{(cs, cony, capy, ass))

o ATC,
(mk-ATC{o .onduty,, G.controly, 6.capacity, extrLoc(G.assigs) )): ATC

e
£ rng extrLoc{ass) < domass
ass: AssigMap
-form-Assi, -
mg-form-AssigMap rag ass: AfrcraftQieue-set
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V-I/V-E, 46, 48
3-E/3-1, 44, 48, 58

adequacy obligation, 183, 229, 231, 232
of initialisation, 183, 240
assumption, local, 15
auxiliary function, 167, 200
axiom, 9
axiomatisation
development of, 41, 72-75, 86, 108,
133, 134, 262
of composite types, 68, 164--166, 262
of explicit functions, 167-169, 200,
201, 229
of implicit functions, 170-171, 201
of initialisation, 166, 200
of operations, 175-177, 212
of polymorphic functions, 174175,
224
of recursive functions, 171-173, 224
of recursive type definitions, 248-251
of state, 166167, 199
of type definitions, 162-166, 223
of value definitions, 175

binder, 10, 56, 57

case distinction, 26, 27, 34, 56
cases expression, 259262
character type, 264
choice
non-unique, 258
unique, 57, 257
comprehension
axiomatisation of, 126

definedness of, see definedness, of com-

prehension expressions, 100, 126
finiteness of, 99, 101, 126
map, 126
set, 99, 100
conclusion, 11
local, 15

conditional, 57, 59, 60, 142
constant, 61

constructor, 64, 68, 136, 164
contradiction, 27

data reification, 1, 6
data type, see type
definedness
of equality, 51, 63, 66, 247, 248
of predicates, 40, 153
of propositions, 33, 37, 151
of quantified expressions, 50
of relations, 153
definition, 18, 28, 81
folding, see justification, by folding
potential problems, 83, 92, 138, 169,
249
recursive, 83, 137, 171-173
subsidiary, 120
unfolding, see justification, by
unfolding
deMorgan laws
predicate, 47
propositional, 32
denoting term, 41, 51, 52, 65, 137
derived rule, see rule, derived
destructor, 135, 136, 148, 164
domain obligation, 184, 185, 236, 237
example, 187
for functions, 190

enumerated collection, 252, 253
enumerated type, see type
equality

chains of, 54, 56, 141

definedness of, see definedness, of

equality

of maps, 115

of sequences, 136

of sets, 93

polymorphism of, 51



348

rewriting over, 56, 139, 141
explicit functions, 167-169

flatness, see type
function type, see type

generator, 72, 86, 133, 145
goals, 29

hypothesis, 11
local, 15

implementation bias, 190
implicit functions, 170-171
satisfaction of, 190
induction
YV -Ef=>-E-left “rick”, 144
=-E-left “trick”, 79, 134, 143
base case, 87
hypothesis, 135
rule, 72, 87, 134, 146
rule for subtype, 84
step, 87
induction scheme, 249, 251
inference rule, 9, 11
informal argument, 25, 26, 35, 53, 54,
56, 59, 139
initialisation condition, 166, 192
adeguacy, 183
instantiation, 11, 49, 174
invariant, 162, 165
as subtype, 69, 163
role in proofs, 178

justification, 12
by triv, 27
by folding, 29
by sequent hypothesis, 35
by unfolding, 29

knowns, 29

lemma, see rule
abstraction of, 118
extraction of, 54, 36, 60, 89, 103,
116-118, 125, 142
let expression, 256-258
determinism of, 238, 259
LPE, 23, 33, 37, 40, 41, 51, 52

metavariable, 11, 67

INDEX

natural deduction, 14
non-determinism, 175, 185

operation decomposition, 1
operation modelling, 7, 184

patterns, 254256
polymorphic type definitions, 174
postcondition, 3, 170
precondition, 3, 169-170
predicate, 39
definedness of, see definedness, of
predicates
proof, 10, 12
of symmetric rules, 27, 121
proof obligation, 4, satisfaction, satisfi-
ability, well-formedness, see ad-
equacy obligation, domain obli-
gation, result obligation
well-formedness of invariant, 154

quantifier

definedness of, see definedness, of
quantified expressions

existential, 41, 42, 56, 59
multiple, 48-50, 59
unique existential, 56, 257
universal, 41, 45

quote type, 264

read frame (role of), 177

reification, see data reification

result obligation, 184, 186, 236, 238
example, 188

retrieve function, 7, 182-183
adequacy, 183
example, 187, 229

rile
derived, 10, 25
developing variants of, 93
formation, 57, 64, 137, 138, 164, 165,

170, 174, 249

formulation of, 34, 36, 151, 152
naming conventions, 18
selection of, 29

satisfaction obligation (for function), 190
satisfiability

of implicit function definitions, 171,
234
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of initial state, 167, 200, 205
of operations, 176, 213, 215, 217
of recursive functions, 172, 224
one-point version for functions, 171,
173
scope, 10
selector, 64, 65, 68, 164, 262
sequent, 15, 67,70
strictniess of function definitions, 168
subproof, 14
trivially true, 27
substitution
of equal values, 51, 65
of equivalent values, 158
subtype
induction rule for, 124
polymorphic, 123

theorem, see rule

theory, 10

token type, 263

turnstile, 14

type, 161
disjoint, 248
enumerated, 264
extension (by type union), 51, 61~

63, 66, 68, 247

flatness, 246, 247
function, 246
inhabited, 50, 163
membership of, 40

typing assertion, 40, 41, 51

under-determinism, 173
under-specification, 173

validation condition, 5, 163, 177, 19§,
200, 202, 206, 217, 219
validation conjecture, see validation con-

dition
variable
bound, 41, 48
free, 40, 48
sequent, 67, 70
VDM, 1, 2, 23, 40, 245
VDM-SL, 1, 3, 19, 61, 65, 66, 69, 136,
146148, 202, 245, 237, 258

well-formedness

a3

of explicit functions, 168, 201, 203

of functions with preconditions, 169,
201

of initiatisation, 167, 200, 205

of invariant, 163, 165, 200, 204, 205,
223

of postconditions, 170, 212, 234

of preconditions, 170, 201, 206, 212

of recursive functions , 224

of value definitions, 175

one-point version for functions, 168

proof, 154

witness value, 42
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~-set (set type) 85,287 5 83,285
- s . (map type) 107,302 i 262
-« _ (bijective map type) 123,305 N 72,284
-* (sequence type) 133,314 N; 82,284
. (non-empty sequence type) 134,315 — (negatioh) 24,268
[-] (optional type) 66,282 # 56,277
<€ .| - > (subtype) 67,283 & 86,289
{} 86,287 v (disjunction) 24,267
{=} (empty map) 108,302 t (map override} 119,303
{-} (singleton set) 06,289 + 75,79,284
{. — -} (singleton map) 305 b (range restriction) 114,303
[] 133,314 b (range subtraction) 114,303
[-] (singleton sequence) 137,315 c 93,288
¥V {for all) 45,91,274,289 o 92,288
A {conjunction) 28,268 X 284

B 149,319 U 96,288
o {map composition) 129,304 {J (distributed union) 97,289
™ (sequence concatenation) 139,315 w (map merge) 120,304
& (delta) 33,268 - | - (type union) 61,281
-\ - (set difference) 06,288 - X . (product type} 63,281
4 (domain restriction) 113,303 0 72,284
4 (domain subtraction) 112,302 ~ 1~ {typing) 40

= 51,277 .~ (map inverse) 130,304
= (on maps) 115,303 F (turnstile) 14

= {on sets) 93,288 add 86, 287
3 (exists) 41,91,273,287 addm 108,302
31 (exists unique) 56,91,279,289 card 05,288
F (power set) 97,289 cohe 142,315
> 82,284 cons 133,314
= 83,284 dom 110, 302
<> {equivalence) 32,268 elems 138,315
= (implicatiomn) 32,268 false 32,268
€ 86,287 fst 64,281
I 96, 288 hd 136,314
N {(distributed intersection) 97,289 if .. then - else . 57,280
1 (iota) 57,92,279,288 inds 145,315

< 82,285 len 137,315
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merge 130,304

nil
mg
snd

66,282
111,302
64,282

suce
tl

72,284
136,314

token 263

true

24,267
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Rule Index

{ }-form, 86, 93, 96, 111, 203, 206, 246,
287

{ }-is-empty, 87, 88, 90, 94, 116, 287

{ }-is-subset, 93, 206, 290

{—}-dom-disjoint, 305

{++}-form, 108, 108, 205, 206, 302

{++ }-form-bimap, 206, 305

{r+3-is-1-1, 305

{a}-comp, 290

{a}-form, 96, 98, 99, 119, 203, 290

{a + b}-form, 214, 305

[ 1-form, 134, 135, 137, 142, 143, 314

[ ]-form-queue, 235, 235

[.}-"-cons, 146

[a}-=-[], 316

[al-form, 137, 146, 316

V-¥-comm, 49, 274

YV-E, 59,274

vV-1,59, 274

YV-subs, 274

V-a-dist-contract, 274

V- a-dist-expand, 274

V-8-v-inherit, 274

V-8-I-—, 274

V.<-E-left-8, 274

V-<-E-right-6, 274

V-e>-subs, 274

V-<-subs-8, 274

V-=>-subs, 275

V-v-dist-contract, 275

V-v-l-left, 275

V-v-I-right, 275

Y - V-set, 144, 290

¥V -» 3, 50, 278

Y - —-J-deM, 47, 275

V-E, 46, 46, 47, 48, 58, 59, 68, 144, 27§

V-E-set, 91, 214, 228, 290

V-fix, 48, 275

V-form, 153, 319

V-form-set, 153, 154, 155, 204, 319

V-1, 45, 45, 46, 48, 58, 59, 68, 103, 144,
275

V-I-set, 91, 94, 95, 206, 213-216, 227,
228,290

V-set — V, 104, 290

¥-subs, 46, 275

A-v~digt-contract, 268

A-v-dist-expand, 268

A-~ass-left, 269

A-ass-right, 269

A-comm, 31, 32, 269

~-E-left, 28, 28, 3032, 188, 232, 269

~-E-right, 28, 28, 29, 31, 32, 188, 232,
238, 269

~-form, 153, 155, 204, 205, 319

~-form-sqt, 153, 156, 157, 204, 319

~-1, 28, 28, 30, 32, 45, 64, 65, 81, 188,
206, 269

A-subs-left, 269

A-subs-right, 269

B — &, 149, 150-152, 319

B-eval, 150, 150, 319

o-defn-{—}, 304

o-defn-addm, 304

o-form, 305

“-ass, 316

“.defn-[ ]-left, 139, 140, 141, 315

“.defn-[ J-right, 139, 316

“.defn-cons-left, 139, 141, 315

“.form, 139, 141--143, 146, 316

8-{—1,308

§-[11,315

8-VV-1, 275

8-V-inherit, 51, 275

§-V-inherit-set, 290

&-a-inherit, 269

&-A-inherit-sqt, 269

§-=21,34, 51, 56, 57, 63, 63, 81, 82, 215,
247,263,277

J-=-I-gen, 63, 281
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8-J-inherit, 50, 82, 92, 273

&-3-inherit-set, 92, 104, 290

8->, 82,285

8-« -inherit, 26%

&-=»-inherit, 269

d-=-inherit-sgt, 269

8-, 34, 90, 94, 100, 153, 290

8- -dom-addm-I, 117, 305

§-& -dom-1, 305

8- -rng-1, 306

S8-r-empty, 290

5-<, 285

8-<-<, 103,285

&~ — -inherit, 269

5-=1, 277

§-v-I-left, 152, 269

§-v-I-right, 152, 276

&-v-inherit, 37, 270

8-v-inherit-sqt, 37, 37, 270

8-, 291

& —» B, 149, 150, 152, 153, 319

8-compatible, 121, 306

&-E, 34, 34, 35, 36, 57, 144, 150-152,
215, 270

&-empty, 291

&-1, 34, 34, 50, 270

8-1-—=, 34, 34, 50, 152, 270

§-is-1-1, 125, 126, 306

§-is-1-1-pred, 306

4-defn-{r+}, 113, 303

4-defn-addm-<, 113, 303

¢-defn-addm-¢ , 113, 303

4-form, 113, 306

4-defn-{ }, 306

gdefn-{}, 112, 302

4-defn-{a}-¢, 118, 306

¢-defr-addm- {a}-=, 306

4-defn-addm-{a}-#, 118, 306

4-defn-addm-<, 113, 117, 302

4-defn-addm-¢, 113, 118, 303

4-form, 113, 119, 306

={}-1,94, 291

=-v-%, 277

= -3 >, 150, 319

=-cases, 88, 90, 215, 216, 278

=-extend(a), 63, 65, 278

=-extend(b), 278

=.form, 205, 319
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=-map-defn, 115, 303 ‘

=-self-1, 51, 52, 69, 81, 83, 173, 258, 277

=-seq-defn-cons, 136, 315

=-seq+-defn, 136, 315

=-set-defn, 93, 93, 94, 247, 288

=-set-E, 291

=-set-I-c, 291

=-set-I-sqt, 95, 98, 99, 291

=.subs-left{a), 53,53, 119, 141, 232, 238,
278

=-subs-lefi(b), 5%, 53, 81, 122, 138, 140
142, 146, 206, 211, 214, 216,
227,228,235, 237,277

=-gubs-right(a), 51, 52, 53, 65, 150, 238,
277

=.subs-right(b), 53, 53, 55,79, 225, 231,
235,278

=-gymm(a), 52, 278

=.symm(b), 52, 278

=-trans(a), 53, 210, 278

=.trans(b), 141, 278

=-transfc), 122, 278

=-trans-left(a}, 278

=-trans-lefi(b), 278

=-trans-left{c), 278

=.trans-right(a), 278

=-trans-right(b}, 55, 278

=-frans-right(c), 122, 278

=-type-inherit-left, 52, 52, 55, 78, 111,
137, 138, 142, 143, 174, 203,
204, 225, 231, 250, 279

=-type-inherit-right, 52, 53, 686, 279

3v-subs, 59, 275

3V = V¥-3, 49, 49, 275

3-a-dist-expand, 59, 276

3-A-E-left, 59, 276

3-A-E-right, 59, 276

3-3.comm, 49, 50, 276

J3-E, 49, 50, 276

43-1, 49, 50, 276

93-subs, 49, 276

J-=-subs, 59, 276

3-=-subs, 44, 276

J-v~dist-contract, 276

J-v-dist-expand, 59, 276

3 — D-set, 104, 291

3 — —-V-deM, 47, 47, 276

3-E, 42, 43, 44, 46, 48, 49, 58, 59, 232,



KULE INLEX

235,273
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